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ON THE SEVERI PROBLEM IN ARBITRARY CHARACTERISTIC
KARL CHRIST, XIANG HE AND ILYA TYOMKIN
ABSTRACT. We show that Severi varieties parametrizing irreducible reducedplanar curves of given
degree and geometric genus are either empty or irreducible in any characteristic. As a conse-
quence, we generalize Zariski’s theorem to positive characteristic and show that a general reduced
planar curve of given geometric genus is nodal. As a byproduct, we obtain the first proof of the
irreducibility of the moduli space of smooth projective curves of given genus in positive charac-
teristic, that does not involve a reduction to the characteristic zero case.
CONTENTS
1. Introduction 1
2. Severi varieties 4
3. Tropical curves 7
4. Tropicalization 11
5. Degeneration via point constraints 21
6. The local geometry of Severi varieties 27
7. The proof of the main theorem 31
References 33
1. INTRODUCTION
In the current paper, we study the geometry of Severi varieties over an algebraically closed
field K of arbitrary characteristic. Recall that the Severi variety Vg ,d is defined to be the locus of
degree d reduced plane curves of geometric genus g in the complete linear system |OP2(d )|. We
denote by V irrg ,d the union of the irreducible components parametrizing irreducible curves. The
main goal of this paper is to prove that the Severi varieties V irrg ,d are either empty or irreducible.
These varieties were introduced by Severi in 1921, in order to prove the irreducibility of the
moduli space Mg of genus g compact Riemann surfaces [Sev21]. He noticed that for d large
enough, there exists a natural surjective map from V irrg ,d to Mg , since any Riemann surface of
genus g admits an immersion as a plane curve of degree d . Therefore, the irreducibility of Mg
follows once one proves that V irrg ,d itself is irreducible.
The irreducibility (or rather connectedness) of Mg was first asserted by Klein in 1882, who
deduced it from the connectedness of certain spaces parametrizing branched coverings of the
Riemann sphere, nowadays called Hurwitz schemes, see [Kle82, Hur91, EC85, Ful69]. Severi’s
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goal was to provide an algebraic treatment of Klein’s assertion. However, his proof of irreducibil-
ity of V irrg ,d contained a gap, and the question, whether Severi varieties are irreducible, remained
open for more than 60 years.
In 1969, Deligne and Mumford proved the irreducibility of the moduli space Mg of smooth
projective genus g curves in arbitrary characteristic [DM69]; see also [Ful69]. The proof uses
reduction to characteristic zero, and Teichmüller theory over C. As a result, it is based on tran-
scendental methods. Only in 1982, Fulton gave a purely algebraic proof of the irreducibility of
Mg in an appendix to the paper [HM82] of Harris and Mumford, who constructed a good com-
pactification of Hurwitz schemes. However, Fulton’s proof still proceeds by a reduction to the
characteristic zero case.
Although the question of irreducibility ofMg was settled, the Severi problem remained open,
and attracted quite a lot of attention. In 1982, Zariski gave a dimension-theoretic characteri-
zation of Severi varieties in characteristic zero [Zar82]. Namely, he proved that if V ⊆ |OP2(d )|
parametrizes reduced curves of geometric genus g , then the dimension of V is bounded by
3d + g − 1. Moreover, if equality holds, then a general curve parametrized by V is necessarily
nodal. Soon after that, Harris settled the Severi problem in characteristic zero [Har86].
Harris’ proof of irreducibility follows the general line of Severi’s approach. He first proves that
any component of V irrg ,d contains a rational nodal curve, and then shows that there is a unique
such component. The second step is relatively simple, and uses a monodromy argument. How-
ever, the first step is rather involved: it uses Zariski’s theorem, a careful analysis of degenerations
of curves, and a remarkable trick based on the study of the deformation spaces of tacnodes.
In positive characteristic, much less was known about the Severi problem and Zariski’s the-
orem. In 2013, the third author proved that the bound in Zariski’s theorem holds true in ar-
bitrary characteristic. However, the assertion about the nodality of a general curve of genus g
was shown to be wrong, at least in the case of curves on certain weighted projective planes; see
[Tyo13]. In the planar case, however, it remained an intriguing open question, which we also
settle in the current paper. Notice that in characteristic zero, both parts of Zariski’s theorem
generalize naturally to many rational surfaces, in particular to weighted projective planes, see,
e.g., [KS13].
1.1. The main result. Let d ≥ 1 and 1−d ≤ g ≤
(d−1
2
)
be integers. We first prove that Vg ,d is a
constructible set (Lemma 2.6), and its closure is equidimensional of pure dimension 3d + g −1
(Proposition 2.7). The main result is then the following theorem, which settles the Severi prob-
lem in arbitrary characteristic.
Main Theorem. Let d ≥ 1 and 0≤ g ≤
(d−1
2
)
be integers. Then the Severi variety V
irr
g ,d is irreducible
of dimension 3d + g −1 over any algebraically closed ground field.
Unlike the proof of Harris in the case of characteristic zero, our proof does not use Zariski’s
theorem. On the contrary, we deduce Zariski’s theorem in arbitrary characteristic as a corollary
of the main result (Corollary 5.2).
Another corollary of the main result is the first proof of the irreducibility of themoduli spaces
Mg in arbitrary characteristic that involves no reduction to characteristic zero. Indeed, since
there is a dense open subset U of V irrg ,d that parametrizes nodal curves, the universal family of
curves overU is equinormalizable, and hence induces a mapU →Mg . However, since for any
d large enough, any smooth genus g curve admits a birational immersion as a planar degree d
curve, it follows that the mapU →Mg is dominant. Thus, the irreducibility of Mg follows from
themain theorem in arbitrary characteristic.
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1.2. The techniques and the idea of the proof. Our proof of the main theorem also follows the
general strategy of Severi’s original approach, but the tools we use are completely different and
combine classical algebraic geometry and tropical geometry.
As a first step, we prove that the closure of any component V of V g ,d contains V1−d ,d (The-
orem 5.1). The proof is by induction, i.e., we prove that V contains an irreducible component
of Vg−1,d . This is the step where the new tools from tropical geometry are involved. In order to
do tropical geometry, we assume that the ground field is the algebraic closure of a complete dis-
cretely valued field. This assumption is harmless by the Lefschetz principle. We then consider
the intersection B of V with the space of curves passing through 3d + g − 2 points in general
position, chosen such that their tropicalizations are vertically stretched. Using [Tyo13], we re-
duce the assertion to the existence of [C ] ∈ B such thatC is a reduced curve of geometric genus
smaller than g , which we prove by a careful analysis of the tropicalization of the corresponding
one-parameter family of curves of genus g .
We first study the tropicalizations of general one-parameter families of algebraic curves, and
investigate the properties of the induced map from the tropicalization of the base to themoduli
space of parametrized tropical curves α : Λ→ M tropg ,n,∇. We prove that α is a piecewise integral
affine map, and in good cases, it satisfies the harmonicity and local combinatorial surjectivity
properties, see Definition 3.4 and Theorem 4.6. Roughly speaking, what these properties allow
us to do is to describe the intersection of the image of α with two types of strata of M tropg ,n,∇: the
nice strata – parametrizing weightless tropical curves whose underlying graph is 3-valent, and
the simple walls – parametrizing such curves but with a unique 4-valent vertex. In particular,
we show that for a nice stratum, the image of α is either disjoint from it or intersects it along a
straight interval, whose boundary does not belong to the stratum. For a simple wall, we show
that the image of α is either disjoint from it or intersects all nice strata in the star of the wall.
Next, we use these general properties to reduce the assertion of Theorem 5.1 to a combinato-
rial game with floor decomposed tropical curves, the latter being a very convenient tool in trop-
ical geometry introduced by Brugallé and Mikhalkin [BM09]. The goal of the game is to prove
that the image of α necessarily intersects a nice stratum parametrizing tropical curves having a
contracted edge of varying length. Indeed, if this is the case, thenΛ contains a leg parametrizing
tropical curves for which the length of the contracted edge is growing to infinity. Since the legs of
Λ correspond tomarked points of the base curve B , it follows that there is a closed point [C ] ∈ B ,
such that the generalized tropicalization of the normalization ofC has an edge of infinite length,
i.e., C has geometric genus less than g . With a minor extra effort we show that C is necessarily
reduced, see Step 3 in the proof of Theorem 5.1.
On the tropical side of the game, we show that for a point q ∈ Λ corresponding to a tropical
curve passing through 3d+g−1 vertically stretched points, the stratumMΘ ofM tropg ,n,∇ containing
α(q) is nice, and the boundary of the interval Im(α)∩MΘ belongs to simple walls adjacent toMΘ.
We then use the floor-elevator structure of floor decomposed curves to describe the nice strata
adjacent to these simple walls, and show that by traveling along the nice strata and by crossing
the corresponding simple walls, we can find a leg of Λ such that α maps it to a nice stratum
parametrizing tropical curves having a contracted edge of varying length, see Lemma 5.4, and
the figures within its proof.
To complete the proof of themain theoremwe follow the ideas of [Tyo07], and consider the so
called decorated Severi varietiesUd ,δ that parametrize reduced curves with δ :=
(d−1
2
)
−g marked
nodes. We prove that these varieties are smooth, equidimensional, and that the natural map
Ud ,δ → |OP2(d )| is generically finite and has V g ,d as its image. Finally, we show that the variety
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U irrd ,δ parametrizing irreducible reduced curves of degree d with δ marked nodes is irreducible
(Theorem 7.1), which implies the main theorem.
The last algebro-geometric step based on the decorated Severi varieties can be replaced by
an argument based on tropical geometry. This, however, would make the presentation more
combinatorially involved and technical. Another reason to choose the argument based on the
study of decorated Severi varieties is the following corollary providing an explicit description of
the geometry of V g ,d along V1−d ,d (Theorem 6.1). We show that as in the case of characteristic
zero, at a general [C0] ∈ V1−d ,d , the variety V g ,d consists of smooth branches parametrized by
all possible subsets µ of δ nodes of C0. Furthermore, the intersections of branches are reduced,
have expected dimension, and the branch corresponding toµ belongs toV
irr
g ,d if and only ifC0\µ
is connected.
The ideas and the techniques developed in this paper can be used to prove the irreducibility
of Severi varieties for other surfaces, e.g., Hirzebruch surfaces, in arbitrary characteristic. How-
ever, to reduce the amount of technicalities, we decided to restrict the discussion to the classical
case of planar curves, as it is, after all, the case of the main interest. In our follow up paper
[CHT20], we extend the machinery developed in the current paper to prove that in the case of
polarized toric surfaces corresponding to h-transverse polygons ∆, any component of the Severi
variety V
irr
g ,∆ contains V
irr
0,∆, at least if the characteristic is large enough. Combined with the re-
cent monodromy result of Lang [Lan19], this result gives rise to the irreducibility of the Severi
varieties on a majority of such surfaces. Notice, however, that there are examples of reducible
Severi varieties even on polarized toric surfaces corresponding to certain h-transverse polygons,
see [Tyo14] for a simplest example of this sort.
1.3. The structure of the paper. The first two sections are preliminaries from algebraic and
tropical geometry. In Section 2, we define the Severi varieties and prove that they are equidi-
mensional of expected dimension. In Section 3, we recall the notion of parametrized tropical
curves, their moduli spaces, and floor decomposed curves.
Section 4 is devoted to the study of the tropicalization of a general one-parameter family of
smooth curves with a map to the projective plane. The results of this section are the main tech-
nical tool in the proof of the degeneration result (Theorem 5.1), which is proved in Section 5
together with the generalization of Zariski’s theorem to the case of positive characteristic (Corol-
lary 5.2).
The main result of Section 6 is Theorem 6.1, which provides an explicit description of the
local geometry of V g ,d along V1−d ,d . We also define and study the decorated Severi varieties in
this section. Finally, in Section 7, we prove the irreducibility of decorated Severi varieties, and
deduce themain theorem.
Acknowledgements. We are grateful to Michael Temkin for helpful discussions.
2. SEVERI VARIETIES
In this section, we recall the notion of Severi varieties on algebraic surfaces, and prove their
basic properties. In particular, we show that in the case of toric surfaces, Severi varieties are con-
structible sets, and their closures are either empty or equidimensional of expected dimension.
Let S be a projective surface over an algebraically closed ground field K , andL a line bundle on
S. Wewrite [C ] ∈ |L | for the K -point in the complete linear system |L | parametrizing a curveC .
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Definition 2.1. The Severi varieties Vg ,L and V irrg ,L are defined to be the following loci in |L |:
Vg ,L :=
{
[C ] ∈ |L | |C is reduced,C ∩Ssing =;, pg(C )= g
}
,
where pg(C ) denotes the geometric genus ofC , and
V irrg ,L :=
{
[C ] ∈Vg ,L |C is irreducible
}
.
We denote by V g ,L and V
irr
g ,L the closures in |L | of Vg ,L and V irrg ,L , respectively. Notice that
since the locus of integral curves is open in the linear system, the variety V
irr
g ,L is a union of
irreducible components of V g ,L . If (S,L )=
(
P2,O (d )
)
, we will often use the classical notation
Vg ,d :=Vg ,L and V irrg ,d :=V irrg ,L .
Definition 2.2. A family of curves X → B is called generically equinormalizable if the normal-
ization of the total space, X ν→B , is a family of curves with smooth generic fiber.
Lemma 2.3. [dJ96, §5.10] Let X → B be a projective morphism of integral schemes with reduced
curves as fibers. Then there exist maps
X ′ //

X

B ′ // B
(2.1)
such that B ′→ B is finite and surjective,X ′ is an irreducible component of (X ×B B ′)red dominat-
ingX andX ′→B ′ is a generically equinormalizable family of reduced projective curves.
Remark 2.4. In characteristic zero, any family X → B like in Lemma 2.3 is generically equinor-
malizable by [DPT80, Page 80] and [CHL06]. This fails in characteristic p as the classic example
below shows. Furthermore, the map B ′→B of Lemma 2.3 may fail to be generically étale, which
is one of the pitfalls in a naïve attempt to generalize the known characteristic-zero approaches
to Zariski’s theorem and Harris’ theorem to the case of positive characteristic.
Example 2.5. In characteristic p > 2, consider the family overA1K = Spec(K [t ]), given in an affine
chart Spec(K [x, y, t ]) by xp + y2+ t = 0. It has normal total space isomorphic to A2K . However,
none of its fibers is smooth. In this case, the necessary base change in Lemma 2.3 is given by
adjoining p
p
t . In particular, the base change is nowhere étale.
Lemma 2.6. The Severi varieties V irrg ,L and Vg ,L are constructible subsets of |L |.
Proof. SinceV irrg ,L is the intersection ofVg ,L with the open locus of irreducible curves in |L |, it is
sufficient to prove the assertion forVg ,L . Since the universal curveX|L |→|L | is flat and proper,
the setU1 := {[C ] ∈ |L ||C is reduced } is open in |L |; see [Sta20, Tag 0C0E]. We can inductively
define a finite stratification ofU1 by geometric genera as follows:
Consider the restriction XU1 →U1 of the universal curve to U1. Assume first, that the total
space XU1 is irreducible. Let X
′
U1
→U ′1 be a family associated to XU1 →U1 as in Lemma 2.3.
Then there is a dense open subset V ′1 ofU
′
1 over which X
′
U1
→U ′1 has constant geometric genus.
Since the map U ′1 →U1 is finite, the image Z of the complement of V ′1 is closed and nowhere
dense inU1. Set V1 :=U1 \Z . ThenV1 is open and dense inU1. Furthermore,XU1 →U1 has con-
stant geometric genus over V1 since so doesX ′U1 →U
′
1 overV
′
1, and the pullback ofV1 is a subset
of V ′1. If the total space XU1 is reducible, we apply the above reasoning to each irreducible com-
ponent of XU1 separately, and define V1 to be the intersection of the dense open sets obtained
in this way.
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For an irreducible componentU2 of the complementU1 \V1, the same procedure gives rise to
a dense open subset V2 ⊂U2 such that the restriction of XU2 →U2 to V2 has fibers of constant
geometric genus. Repeating this process for all irreducible components of the Ui \V j , gives a
finite stratification ofU1 by the locally closed V j ’s. By construction, each Vg ,L is a union of V j ’s,
and hence a constructible subset of |L | as asserted . 
In general, Severi varieties may have components of different dimensions; see [CC99]. How-
ever in the case of toric surfaces, they are equidimensional as the following proposition shows:
Proposition 2.7. If S is a toric surface, then the Severi varieties V
irr
g ,L and V g ,L are either empty
or equidimensional of dimension −L .KS + g −1. Furthermore, a general [C ] ∈V g ,L corresponds
to a curve C that intersects the boundary divisor transversally.
Proof. Since V
irr
g ,L is a union of irreducible components of V g ,L , it is sufficient to prove the as-
sertion for V g ,L . Let V be an irreducible component of V g ,L , and [C ] ∈ V general. Suppose
C has m irreducible components C1, . . . ,Cm . Set gi := pg(Ci ) and Li := OS(Ci ), and consider
the map
∏m
i=1V g i ,Li → V g ,L . Its fiber over [C ] is finite, and the map is locally surjective. Thus,
dim[C ](V ) =
∑m
i=1dim[Ci ](V g i ,Li ). However, dim[Ci ](V g i ,Li ) ≤ −Li .KS + gi − 1 by [Tyo13, Theo-
rem 1.2], and hence
dim[C ](V )≤
m∑
i=1
(
−Li .KS + gi −1
)
=−L .KS + g −1.
Furthermore, ifC intersects the boundary divisor non-transversally, then the inequality is strict.
Next, let us show the opposite inequality, which will imply both assertions of the proposition.
Let X be the normalization of C , and f : X → S the corresponding map. It defines a point
[X , f ] in the Kontsevich moduli space Mg ,n (S, |L |) of stable maps to S with image in |L |; see
[Kon95] and [dJHS11, Theorem 5.7]. Since f is birational onto its image, it is automorphism-
free, and hence Mg ,n (S, |L |) is a quasi–projective scheme in a neighborhood of [X , f ]. Let
(R ,m) be the formal completion of the algebra of functions on Mg ,n (S, |L |) at [X , f ]. By [Ill71,
Théorème III.2.1.7], the tangent space to Mg ,n (S, |L |) at [X , f ] is given by m/m2 = H0(X ,N f ),
whereN f =Coker(TX → f ∗TS) is the normal sheaf to f , and the obstruction space is a subspace
in H1(X ,N f ).
Let us express the algebra (R ,m) as a quotient of a ring of formal power series (A,n) by an
ideal I ⊂ n such that n/n2 ≃ m/m2. Then, by a standard argument in deformation theory, the
ideal I is generated by at most h1(X ,N f ) elements, and hence the dimension of any local germ
of Mg ,n (S, |L |) at [X , f ] is bounded from below by χ(X ,N f ); cf. [Mor79, Proposition 3]. Since
c1(N f )=−L .KS +2g −2, it follows from the Riemann-Roch theorem that
dim[X , f ]Mg ,n (S, |L |)≥ χ(X ,N f )= c1(N f )+1− g =−L .KS + g −1.
Consider the projection from a small neighborhood of [X , f ] to |L | given by sending a point
[X ′, f ′] to [ f ′(X ′)]. Since the fiber over [C ] is finite, it follows that
dim[C ](V )≥ dim[X , f ]Mg ,n (S, |L |)≥−L .KS + g −1,
and we are done. 
Remark 2.8. If M is the lattice of monomials of S, and (S,L ) is the polarized toric surface cor-
responding to a convex lattice polygon ∆⊂MR, then −L .KS = |∂∆∩M |, and hence the dimen-
sion of the Severi varieties can be expressed combinatorially in terms of ∆ and g . In particular,
dim(V g ,d )= 3d + g −1.
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3. TROPICAL CURVES
In this section, we review the theory of (parametrized) tropical curves, and recall the notions
of floor decomposed curves and moduli spaces of parametrized tropical curves. We mainly fol-
low [Mik05, GM07, BM09, Tyo12, ACP15], to which we refer for further details. We also discuss
families of parametrized tropical curves, cf. [CCUW20, Ran19], and introduce the notions of har-
monicity and local combinatorial surjectivity of the inducedmap to themoduli space. Through-
out the section,M and N denote a pair of dual lattices.
3.1. Families and parameter spaces for tropical curves.
3.1.1. Abstract tropical curves. The graphswe consider have half-edges, which will be called legs
throughout the paper. A tropical curve is a weightedmetric graphΓ= (G,ℓ) with ordered legs, i.e.,
G is a (connected) graph with ordered legs equipped with aweight function g : V (G)→Z≥0, and
the length function ℓ : E (G)→ R>0. Here V (G) and E (G) denote the set of vertices and edges of
G, respectively. We denote by L(G) the set of legs of G and extend ℓ to legs by setting their length
to be infinite. Set E (G) := E (G)∪ L(G). We will view tropical curves as polyhedral complexes
by identifying the edges of G with bounded closed intervals of corresponding lengths in R and
identifying the legs of Gwith semi-bounded closed intervals in R.
For e ∈ E(G) we denote by e◦ the interior of e , and use~e to indicate a choice of orientation on
e . If e ∈ L(G) is a leg, then it will always be oriented away from the vertex. Bounded edges will be
considered with both possible orientations. For v ∈V (G), we denote by Star(v) the star of v , i.e.,
the collection of oriented edges and legs having v as their tail. In particular, Star(v) contains two
edges for every loop based at v . The number of edges and legs in Star(v) is called the valency of
v , and is denoted by val(v). By abuse of notation, we will often identify Star(v) with its geometric
realization – an oriented tree with root v , all of whose edges are leaves. Notice however, that the
natural map from the geometric realization of Star(v) to G need not be injective.
The genusofΓ is defined tobe g (Γ)= g (G) := 1−χ(G)+∑v∈V (G) g (v), whereχ(G) := b0(G)−b1(G)
denotes the Euler characteristic of G. Finally, a tropical curve Γ= (G,ℓ) is called stable if so is G,
that is, if every vertex of weight zero has valency at least three, and every vertex of weight one
has valency at least one.
3.1.2. Parametrized tropical curves. A parametrized tropical curve is a pair (Γ,h),whereΓ= (G,ℓ)
is a tropical curve, and h : Γ→NR is a map such that:
(a) for any e ∈ E (G), the restriction h|e is an integral affine function; and
(b) (Balancing condition) for any vertex v ∈V (G), we have∑~e∈Star(v) ∂h∂~e = 0.
Note that the slope ∂h
∂~e ∈ N is not necessarily primitive, and its integral length is the stretching
factor of the affine map h|e . In particular, ∂h∂~e = 0 if and only if h contracts e . A parametrized
tropical curve (Γ,h) is called stable if so isΓ. Its combinatorial typeΘ is defined tobe theweighted
underlying graph G with ordered legs equipped with the collection of slopes ∂h
∂~e for e ∈ E (G).
We define the extended degree ∇ to be the sequence of slopes
(
∂h
∂~l
)
l∈L(G)
, and the degree ∇ to
be the subsequence
(
∂h
∂~li
)
, where li ’s are the legs not contracted by h. The (extended) degree
clearly depends only on the combinatorial type Θ. An isomorphism of parametrized tropical
curves h : Γ → NR and h′ : Γ′ → NR is an isomorphism of metric graphs ϕ : Γ → Γ′ such that
h = h′ ◦ϕ. Similarly, an isomorphism of combinatorial types Θ and Θ′ is an isomorphism of the
underlying graphs respecting the order of the legs, the weight function, and the slopes of the
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edges and legs. We denote the group of automorphisms of a combinatorial type Θ by Aut(Θ),
and the isomorphism class of Θ by [Θ].
3.1.3. Families of tropical curves. Next we define families of (parametrized) tropical curves; cf.
[CCUW20, §3.1] and [Ran19, §2.2]. We will adapt these more general definitions to the special
case we need – families of (parametrized) tropical curves over a tropical curveΛ without stacky
structure. Since tropical curves are nothing but parametrized tropical curves with N = 0, we
discuss only families of parametrized tropical curves.
LetΛ= (GΛ,ℓΛ) be a tropical curvewithout loops. Loosely speaking, a family of parametrized
tropical curves overΛ is a continuous family such that for any e ∈ E (GΛ), the combinatorial type
of the fiber is constant along e◦, and the lengths of the edges of the fibers, as well as the images of
the vertices of the fibers inNR, form integral affine functions on e . To define this notion formally,
consider a datum (†) consisting of the following:
• an extended degree ∇;
• a combinatorial type Θe =
(
Ge , (
∂h
∂~γ
)
)
of extended degree ∇ for each e ∈ E(GΛ);
• an integral affine function ℓ(γ, ·) : e→R≥0 for each e ∈ E (GΛ) and γ ∈ E (Ge);
• an integral affine function h(u, ·) : e→NR for each e ∈ E (GΛ) and u ∈V (Ge );
• a parametrized tropical curve hw : Γw →NR of extended degree ∇ for each w ∈V (GΛ);
• a weighted contractionϕ~e : Ge →Gw preserving the order of the legs for each~e ∈ Star(w ).
For any e ∈ E (GΛ) and q ∈ e◦, set Γq := (Ge ,ℓq ), where ℓq : E (Ge)→R≥0 is the function defined by
ℓq (γ) := ℓ(γ,q).
Definition 3.1. Let Λ be a tropical curve without loops. We say that a datum (†) is a family
of parametrized tropical curves over Λ if the following compatibilities hold for all w ∈ V (GΛ),
~e ∈ Star(w ), and q ∈ e◦:
(1) (Γq ,hq ) is a parametrized tropical curve of combinatorial typeΘe , wherehq is the unique
piecewise affinemap for which hq (u)= h(u,q) for all u ∈V (Ge ), and
(
∂hq
∂~l
)
=∇;
(2) the length of ϕ~e (γ) in Γw is ℓ(γ,w ) for all γ ∈ E (Ge);
(3) hw (ϕ~e (u))= h(u,w ) for all u ∈V (Ge ).
A family of parametrized tropical curves over Λwill be denoted by h : ΓΛ→NR.
3.1.4. The parameter space. We denote by M tropg ,n,∇ the parameter space of isomorphism classes
of genus g stable parametrized tropical curves of degree ∇ with exactly n contracted legs. We
assume that the contracted legs are l1, . . . , ln . Similarly to the case of the parameter space of ab-
stract tropical curves studied in [ACP15, Section 2], we consider M tropg ,n,∇ as a generalized polyhe-
dral complex, i.e. M tropg ,n,∇ is glued from “orbifold” quotients of polyhedraMΘ factored by certain
finite groups of automorphisms Aut(Θ). In particular, the integral affine structure on the quo-
tient is determined by that ofMΘ, and the “new” faces of the geometric quotientMΘ/Aut(Θ) are
not considered to be faces of the orbifold quotient; see loc.cit. for more details. More explicitly,
M
trop
g ,n,∇ is constructed as follows.
A parametrized tropical curve of type Θ defines naturally a point in N |V (G)|
R
×R|E(G)|>0 , and the
set of parametrized tropical curves of type Θ gets identified with the interior MΘ of a convex
polyhedron MΘ ⊆ N |V (G)|R ×R
|E(G)|
≥0 ; see, e.g., [Mik05, Proposition 2.13] or [GM07, § 3] for details.
The lattice N |V (G)|×Z|E(G)| ⊂N |V (G)|
R
×R|E(G)| defines an integral affine structure onMΘ.
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For each subset E ⊆E (G), the intersection ofMΘ with the locus
{(nu ,xe) ∈N |V (G)|R ×R
|E(G)|
≥0 |xe = 0 if and only if e ∈ E }
is either empty or can be identified naturally with MΘE , where ΘE is the type of degree ∇ and
genus g , obtained fromΘ by the weighted edge contraction of E ⊂G. Plainly, the corresponding
inclusion ιΘ,E : MΘE ,→MΘ respects the integral affine structures.
Next, notice that an isomorphism α : Θ1 → Θ2 of combinatorial types induces an isomor-
phism N |V (G1)|
R
×R|E(G1)|→N |V (G2)|
R
×R|E(G2)| that takesMΘ1 toMΘ2 and also respects the integral
affine structures. We thus obtain isomorphisms ια : MΘ1 →MΘ2 . In particular, the group Aut(Θ)
acts naturally onMΘ.
The space M tropg ,n,∇ is defined to be the colimit of the diagram, whose entries are MΘ’s for all
combinatorial typesΘ of genus g , degree∇ curves having exactly n contracted legs l1, . . . , ln ; and
arrows are the inclusions ιΘ,E ’s and the isomorphisms ια’s described above. By the construction,
for each type Θ of degree ∇ and genus g with exactly n contracted legs l1, . . . , ln , we have a finite
mapMΘ→M tropg ,n,∇, whose imageMΘ/Aut(Θ) is denoted byM[Θ].
Definition 3.2. Let Λ be a tropical curve, and α : Λ→ M tropg ,n,∇ a continuous map. We say that
α is piecewise integral affine if for any e ∈ E (Λ) the restriction α|e lifts to an integral affine map
e→MΘ for some combinatorial type Θ.
Proposition 3.3. Let h : ΓΛ → NR be a family of parametrized tropical curves of degree ∇. Then
the inducedmap α : Λ→M tropg ,n,∇ is piecewise integral affine.
Proof. Follows immediately from the definitions. 
Definition 3.4. Let Λ be a tropical curve, α : Λ→ M tropg ,n,∇ a piecewise integral affine map, w a
vertex of Λ, andΘ a type such that α(w )∈M[Θ].
(1) Suppose α(Star(w ))⊂M[Θ]. We say that α is harmonic at w if α|Star(w) lifts to a harmonic
map αw : Star(w )→MΘ, i.e., αw is piecewise integral affine, and
∑
~e∈Star(w)
∂αw
∂~e = 0.
(2) Suppose α(Star(w ))*M[Θ]. We say that α is locally combinatorially surjective at w if for
any combinatorial type Θ′ with an inclusion ιΘ′,E : MΘ ,→ MΘ′ , there exists a germ ~e of
Star(w ) such that α(~e)∩M[Θ′] 6= ;.
3.1.5. Regularity. Aparametrized tropical curve (Γ,h), its typeΘ, and the corresponding stratum
M[Θ] are called regular ifMΘ has the expected dimension |∇|+n+(rank(N )−3)χ(G)−ov(G), where
G, as usual, denotes the underlying graph,χ(G) its Euler characteristic, and ov(G) the overvalency
of G, i.e., ov(G) := ∑v∈V (Γ)max{0,val(v)− 3}; cf. [Mik05, Definition 2.22]. Notice that there is a
discrepancy in the formulae for the expected dimension. In our definition of a parametrized
tropical curve (Γ,h), the curve Γ is considered as a tropical curve rather than a topological space
as in loc.cit.. Thus, the difference between the expected dimensions is the number of contracted
edges. By [Mik05, Proposition 2.20], the expected dimension provides a lower bound on the
dimension of a stratum MΘ. The following is Mikhalkin’s [Mik05, Proposition 2.23] stated in
terms of the current paper:
Proposition 3.5. Assume that rank(N )= 2 and h is an immersion away from the contracted legs.
If G is weightless and 3-valent, then (Γ,h) is regular, and dim(MΘ)= |∇|+n+ g −1. On the other
hand, if ov(G)> 0, then dim(MΘ)≤ |∇|+n−χ(G)−1≤ |∇|+n+ g −2.
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3.1.6. The evaluation map. Consider the natural evaluation map ev: M tropg ,n,∇ → NnR , defined by
ev(Γ,h) := (h(l1), . . . ,h(ln)). Let Θ be a combinatorial type, (q1, . . . ,qn) ∈ NnR any tuple, and evΘ
the composition MΘ→M tropg ,n,∇→NnR . Then ev−1Θ (q1, . . . ,qn) is a polyhedron cut out inMΘ by an
affine subspace, and hence its boundary is disjoint fromMΘ unless ev−1Θ (q1, . . . ,qn) is a point.
Definition 3.6. We say that a tuple (q1, . . . ,qn) ∈ NnR is general with respect to ∇ and g if for any
combinatorial type Θ of degree ∇ and genus g with exactly n contracted legs, either the codi-
mension of ev−1
Θ
(q1, . . . ,qn) inMΘ is n · rank(N ), as expected, or ev−1Θ (q1, . . . ,qn)=;
In what follows, tuples of points will be called general, withoutmentioning∇ and g , which we
tacitly assume to be fixed. Since there are only finitely many isomorphism classes of types Θ of
fixed degree and genus, the set of non-general tuples is a nowhere dense closed subset in Nn
R
.
Proposition 3.7. Assume that rank(N )= 2, n = |∇|+g −1, and (q1, . . . ,qn)∈NnR is a general tuple.
Let Θ be a combinatorial type of degree ∇ and genus g with n contracted legs, and let G be its
underlying weighted graph. If ev−1
Θ
(q1, . . . ,qn) 6= ;, then G is 3-valent and weightless, and all
slopes are non-zero, except for the slopes of the contracted legs.
Proof. Let ξ ∈ ev−1
Θ
(q1, . . . ,qn) be any point. Since weightless trivalent graphs are not contrac-
tions of other stable weighted graphs, we may assume that ξ ∈MΘ. Thus, evΘ is a submersion at
ξ since the tuple (q1, . . . ,qn) is general. By [Mik05, Corollary 4.12], the tuples of points in tropi-
cally general position are dense, and hence there exists a small perturbation ξ′ ∈ ev−1
Θ
(q ′1, . . . ,q
′
n)
of ξ, where (q ′1, . . . ,q
′
n) is a tuple in tropically general position in the sense of Mikhalkin. Thus,
by [Mik05, Definiton 4.7], the assertion holds. 
Definition3.8. A stratumM[Θ] ⊂M tropg ,n,∇ is callednice if it is regular, and the underlying graphG is
weightless and 3-valent. A stratumM[Θ] is called a simple wall if it is regular, and G is weightless
and 3-valent except for a unique 4-valent vertex.
Lemma3.9. Assume that (q1, . . . ,qn) ∈NnR is general, ev−1Θ (q1, . . . ,qn) 6= ;, and rank(N )= 2. Then,
(1) If n = |∇|+ g −1, then M[Θ] is nice;
(2) If n = |∇|+ g −2 and M[Θ] is a simple wall, then ev−1Θ (q1, . . . ,qn) is a point in MΘ;
(3) If n = |∇|+g−2andM[Θ] is nice, then ev−1Θ (q1, . . . ,qn)⊂MΘ is an interval,whose boundary
is disjoint from MΘ.
Proof. Assertion (1) follows fromProposition 3.7. Thus, we assume thatn = |∇|+g−2. IfM[Θ] is a
simple wall, then it is regular, and the graph G is weightless and has overvalency one. Therefore,
dim
(
ev−1
Θ
(q1, . . . ,qn)
)
= |∇|+n+ g −2−2n = 0,
and hence ev−1
Θ
(q1, . . . ,qn) is a point in MΘ, as asserted in (2). Similarly, if M[Θ] is nice, then the
dimension count shows that ev−1
Θ
(q1, . . . ,qn) is an interval, which implies assertion (3). 
3.2. Floor decomposed curves. Next we recall the notion of a floor decomposed curve as intro-
duced by Brugallé andMikhalkin [BM09]. We will follow the presentation in [BIMS15, §4.4], see
also [Rau17, §2.5]. For the rest of this section, we assume M = N = Z2 and ∆ ⊂ MR = R2 is an
h-transverse polygon (cf. [BM09, §2]), e.g., the triangle ∆d with vertices (0,0), (0,d ) and (d ,0).
We associate to ∆ the reduced degree ∇ of tropical curves dual to ∆, i.e., ∇ consists of primitive
outer normals to the sides of ∆, and the number of slopes outer normal to a given side is equal
to its integral length.
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FIGURE 1. A collection of vertically stretched points, and a floor decomposed
cubic tropical curve passing through them and having the reduced tropical de-
gree associated to ∆3.
Definition 3.10. Let λ ∈ R be a positive real number. A point configuration q1, . . . ,qn in R2 is
called vertically λ-stretched if for any pair of distinct points qi = (x, y) and q j = (x ′, y ′) in the
configuration the following holds: |y − y ′| >λ · |x−x ′|.
Definition 3.11. A parametrized tropical curve (Γ,h) is called floor decomposed if for any edge e
of Γ, the slope ∂h
∂~e is either (±1,∗) or (0,∗).
Let (Γ,h) be a floor decomposed parametrized tropical curve. If the image of a non-contracted
edge (resp. leg) is vertical, then the edge (resp. leg) is called an elevator. After removing the inte-
riors of all elevators in Γ, we are left with a disconnected graph. The non-contracted connected
components of this graph are called the floors of Γ. In Figure 1, the elevators are the red edges,
and the blue components are the floors.
Proposition 3.12. [BM09, §5.1] Let g be an integer, and set n := |∇| + g − 1. Then there exists
λ such that for any generic configuration q1, . . . ,qn ⊂ R2 of vertically λ-stretched points, every
parameterized tropical curve (Γ,h) in ev−1(q1, . . . ,qn)⊂M tropg ,n,∇ is floor decomposed. Furthermore,
each floor and each elevator of Γ contains exactly one of the qi ’s in its image.
By abuse of language, in what follows we will call a collection of points as in Proposition 3.12
just vertically stretched.
Remark 3.13. If ∆ = ∆d , then there is a unique elevator adjacent to the top floor, and, by the
balancing condition, for every floor there is a downward elevator adjacent to it. The elevator
adjacent to the top floor and the downward elevators adjacent to the bottom floor – all have
multiplicity one. If in addition the points q1, . . . ,qn belong to the line given by y =−µx for µ≫ 1,
then the x-coordinate of themarked point belonging to the image of the top floor is smaller than
the x-coordinate of any other qi .
Remark 3.14. In the original definition of [BM09], an elevator either connects two floors or is an
infinite ray attached to a floor. In our convention, an elevator of [BM09] may split into a couple
of elevators separated by a vertexmapped to one of the qi ’s.
4. TROPICALIZATION
The goal of this section is to construct the tropicalization of certain one-parameter families
of algebraic curves with a map to a toric variety (Theorem 4.6). As a result we obtain a tropical
tool (Corollary 4.9) for studying algebraic degenerations that plays a central role in the proof of
the main theorem.
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4.1. Notation and terminology. Throughout the section we assume that K is the algebraic clo-
sure of a complete discretely valued field F . We denote the valuation by ν : K →R∪ {∞}, the ring
of integers by K 0, and its maximal ideal by K 00. We fix a pair of dual lattices M and N , and a
toric variety S with lattice of monomialsM . In this paper we will mostly be interested in the case
S =P2, but the tropicalization we are going to describe works in general.
By a family of curves we mean a flat, projectivemorphism of finite presentation and relative
dimension one. By a collection ofmarked points on a family of curves we mean a collection of
disjoint sections contained in the smooth locus of the family. A family of curves with marked
points is prestable if its fibers have at-worst-nodal singularities; cf. [Sta20, Tag 0E6T]. It is called
(semi-)stable if so are its geometric fibers. A prestable curve with marked points over a field is
called split if the irreducible components of its normalization are geometrically irreducible and
smooth, and the preimages of the nodes in the normalization are defined over the ground field.
A family of prestable curves with marked points is called split if all of its fibers are so; cf. [dJ96,
§ 2.22]. IfU ⊂ Z is open, and (Y ,σ•) is a family of curves with marked points overU , then by a
model of (Y ,σ•) over Z wemean a family of curves withmarked points over Z , whose restriction
toU is (Y ,σ•).
4.2. Tropicalization for curves. We first recall the canonical tropicalization construction for a
fixed (parametrized) curve over K . This is well established, and we refer to [Tyo12] and [BPR13]
for details. The normalization of signs is chosen such that the algebraic definition is compati-
ble with the standard tropical pictures. A parametrized curve in S is a smooth projective curve
with marked points (X ,σ•) and amap f : X → S such that f (X ) does not intersect orbits of codi-
mension greater than one, and the image of X \ (
⋃
i σi ) under f is contained in the dense torus
T ⊂ S.
Let f : X → S be a parametrized curve, and X 0→ Spec(K 0) a prestablemodel. Denote by X˜ the
fiber of X 0 over the closed point of Spec(K 0). As usual, a point s ∈ X˜ is called special if it is either a
node or amarked point of X˜ . LetD =Σ jD j be theboundary divisor of S. Set f ∗(D j ) :=Σrd j ,rp j ,r
with d j ,r ∈N and p j ,r ∈ X . Plainly, {p j ,r }⊆ {σi } by definition. The collection of multisets {d j ,r }r
for each j is called the tangency profile of f : X → S. We say that the tangency profile is trivial if
d j ,r = 1 for all j and r .
The tropicalization trop(X ) of X with respect to the model X 0 is the tropical curve Γ = (G,ℓ)
defined as follows: The underlying graph G is the dual graph of the central fiber X˜ , i.e., the ver-
tices of G correspond to irreducible components of X˜ , the edges – to nodes, the legs – tomarked
points, and the natural incidence relation holds. For a vertex v of G, its weight is defined to be
the geometric genus of the corresponding component of the reduction X˜v . As for the length
function, if e ∈ E (G) is the edge corresponding to a node z ∈ X˜ , then ℓ(e) is defined to be the val-
uation of λ, where λ ∈ K 00 is such that étale locally at z, the total space of X 0 is given by xy = λ.
Although λ depends on the étale neighborhood, its valuation does not, and hence the length
function is well-defined. Finally, notice that the order on the set of marked points induces an
order on the set of legs of Γ. By abuse of notation, we will not distinguish between the tropical
curve trop(X ) and its geometric realization.
Next, we explain how to construct the parametrization h : trop(X ) → NR. Let X˜v be an ir-
reducible component of X˜ . Then, for anym ∈M , the pullback f ∗(xm) of the monomial xm is a
non-zero rational function on X 0, since the preimage of the big orbit is dense in X . Thus, there is
λm ∈K×, unique up to an element invertible in K 0, such that λm f ∗(xm) is an invertible function
at the generic point of X˜v . The functionh(v), associating tom ∈M the valuation ν(λm), is clearly
linear, and hence h(v) ∈ NR. The parametrization h : trop(X )→ NR is defined to be the unique
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piecewise integral affine function with values h(v) at the vertices of trop(X ), whose slopes along
the legs satisfy the following: for any leg l andm ∈M we have ∂h
∂~l
(m)=−ordσi f ∗(xm), where σi
is the marked point corresponding to l . Then h : trop(X )→NR is a parametrized tropical curve,
by [Tyo12, Lemma 2.11]. The curve trop(X ) (resp. h : trop(X )→NR) is called the tropicalization
of X (resp. f : X → S) with respect to the model X 0. Plainly, the tropical curve trop(X ) is inde-
pendent of the parametrization, and depends only on X 0. If the family X → S is stable and X 0 is
the stable model, then the corresponding tropicalization is called simply the tropicalization of
X (resp. f : X → S). Plainly, trop(X ) (resp. h : trop(X )→NR) is stable in this case.
Remark 4.1. Let l be the leg corresponding to a marked point σi . If σi is mapped to the bound-
ary divisor D, then, by definition, f (σi ) belongs to a unique component of D, and in particular,
to the smooth locus of D. Thus, the slope ∂h
∂~l
is completely determined by the irreducible com-
ponent of D containing the image of σi . Furthermore, the multiplicity of
∂h
∂~l
is the multiplicity
of σi in f ∗D. Note also that ∂h
∂~l
= 0 if and only if f (σi ) is contained in the dense orbit T ⊂ S.
Remark 4.2. The tropicalization defined above is compatible with the natural tropicalization of
the torus in the sense that the following diagram is commutative:
X \ f −1(D)= f −1(T ) trop(X )
T NR
trop
f h
trop
where the map trop: T → NR is defined by p 7→
(
m 7→ −ν(xm(p))
)
. In particular, in the notation
of Remark 4.1, if h contracts l , then h(l )= trop( f (σi )).
One defines the tropicalization map trop: X (K )\{σi }→ trop(X ) in the following way: Pick
any point η ∈ X (K )\{σi }, and consider the minimal modification (X 0)′→ X 0 such that (X 0)′ is a
prestable model of (X ,σi ,η). Then trop(X )′ is obtained from trop(X ) by attaching a leg either to
an existing vertex or to a new two-valent vertex splitting an edge or a leg of trop(X ). Either way,
the geometric realization of trop(X )′ is obtained from trop(X ) by attaching a leg to some point
q ∈ trop(X ). The tropicalization map trop: X (K )\{σi }→ trop(X ) sends η to the point q . Below
we will need a more explicit description of trop(η) ∈ trop(X ).
Let ψ : Spec(K )→ X be the immersion of the point η. Since X 0 → Spec(K 0) is proper, ψ ad-
mits a unique extension ψ0 : Spec(K 0)→ X 0 with image η. Let s ∈ Spec(K 0) be the closed point.
Its image in X˜ under the map ψ0 is called the reduction of η, and is denoted by red(η). If the
reduction of η is a non-special point of a component X˜v , then (X 0)′ = X 0 and trop(η)= v . If the
reduction of η is a node z ∈ X˜ , then trop(η) belongs to the edge e corresponding to z, and we
shall specify the distance from trop(η) to the two vertices v and w adjacent to e . Let λ ∈ K 00 be
such that X 0 is given by ab =λ étale locally at z, and let X˜v , X˜w be the branches of X˜ associated
to the vertices v and w , respectively. Without loss of generality, X˜v is given locally by a = 0 and
X˜w by b = 0.
Lemma 4.3. The distance from trop(η) to w in e is given by ν(ψ∗(a)).
Proof. The model (X 0)′ is a blow up of X 0 at the point z, and its local charts are given by at = µ
and bt−1 = λµ−1. In the first chart, the exceptional divisor is given by a = 0 and X˜w by t = 0.
Furthermore,ψ∗(t )∈K 0 is invertible since η specializes to a non-special point of the exceptional
divisor. Thus, ν(ψ∗(a))= ν(µ) is the distance from trop(η) to w in e . 
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Finally, if the reduction of η is the specialization of a marked point σi , and l is the leg cor-
responding to σi , then trop(η) belongs to the leg l . To specify the distance from trop(η) to the
vertexw adjacent to l , let a = 0 be an étale local equation of σ0i in X 0 aroundψ0(s). Then,
Lemma 4.4. The distance from trop(η) to w in l is given by ν(ψ∗(a)).
Proof. The proof is completely analogous to that of Lemma 4.3. 
4.3. Tropicalization forone-parameter familiesof curves. In this section, wedescribe the trop-
icalization procedure for one-dimensional families of stable curves with a map to a toric variety.
We expect that themain existence statement – the first part of Theorem4.6 – is known to experts;
see, in particular, [CCUW20] and [Ran19] for related constructions. We use the local (toroidal)
structure of the moduli space of pointed curves and the universal curve over it; cf. [DM69, The-
orem 5.2] and [Knu83, Theorem 2.7].
Definition 4.5. A family of parametrized curves in S consists of the following data:
(1) a smooth, projective base curve with marked points (B ,τ•),
(2) a family of stable marked curves (X →B ,σ•), smooth over B ′ :=B \ (
⋃
i τi ), and
(3) a rational map f : X 99K S, defined over B ′, such that for any closed point b ∈ B ′, the
restriction fb : Xb → S is a parametrized curve.
Theorem4.6. Let f : X 99K S be a family of parametrized curves, B0 a prestablemodel of the base
curve (B ,τ•), and assume that the family (X → B ,σ•) admits a split stable model (X 0→ B0,σ0•).
Let Λ := trop(B ) be the tropicalization of (B ,τ•) with respect to B0 and assume that Λ has no
loops. Then there exists a family of parametrized tropical curves h : ΓΛ → NR such that for any
K -point η ∈ B ′ = B \ (⋃i τi ), the fiber of (ΓΛ,h) over trop(η) is the tropicalization of f : Xη → S
with respect to the modelX 0|η. Furthermore, the inducedmap α : Λ→M tropg ,n,∇ is either harmonic
or locally combinatorially surjective at any vertex w ∈ V (Λ) for which the curve Γw is weightless
and 3-valent except for at most one 4-valent vertex.
Definition 4.7. The family h : ΓΛ→ NR constructed in Theorem 4.6 is called the tropicalization
of f : X 99K S with respect toX 0→B0.
Remark 4.8. Without the splitness assumption, the dual graphs Gw for w ∈V (Λ) can be defined
only up-to an automorphism. In general, one needs to consider families ΓΛ → Λ with a stacky
structure, following [CCUW20].
Corollary 4.9. Let f : X 99K S be a family of parametrized curves, and h : ΓΛ→ NR its tropical-
ization with respect to X 0→ B0. Let τ ∈ B (K ) be a marked point, l ∈ L(Λ) the associated leg, and
Gl the underlying graph of the tropical curves parametrized by l . Assume that the lengths of all
but one edge of Gl are constant in the family ΓΛ, and the map h is constant on all vertices of Gl .
Then,
(1) Xτ has exactly one node. In particular, the geometric genus of Xτ is one less than the
geometric genus of a general fiber of X →B;
(2) The rational map f : X 99K S is defined on the fiberXτ. Furthermore, f maps the generic
point(s) of Xτ to the dense orbit T ⊂ S, and f : Xτ → S has the same tangency profile as
the general fiber f : Xb → S.
Remark 4.10. Under the assumptions of the corollary, the edge of varying length gets necessarily
contracted by themap h.
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The rest of the section is devoted to the proof of Theorem 4.6 and Corollary 4.9. Since K is the
algebraic closure of F , any K -scheme of finite type is defined over a finite extension F ′ of F , and
since F is a complete discretely valued field, so is F ′. Thus, we may view a K -scheme of finite
type as the base change of a scheme over a finite extension of F . In the proofs below, we will
work over F ′ in order to have a well behaved total space of the families we consider. To ease the
notation, we will assume that all models and points we are interested in are defined already over
F 0, but will not assume that the valuation of the uniformizer π is one.
In particular, we may assume that B0,X 0,X 0 → B0, and η are all defined over F 0. In the
proof, we will use the following notation: ψ : Spec(F ) → B will denote the immersion of the
point η, s := red(η) ∈ B˜ its reduction, and X˜s the corresponding fiber. We set DB0 := B˜ ∪ (
⋃
i τi )
and DX 0 := X˜ ∪
(⋃
i Xτi
)
∪
(⋃
j σ j
)
, where Xτi are the fibers over the marked points τi ∈ B (F ).
Then the pullback of any monomial function f ∗(xm) is regular and invertible on X 0 \DX 0 by
the assumptions of the theorem.
4.4. Proof of Theorem 4.6.
Step 1: The tropicalization hη : trop(Xη) → NR depends only on trop(η) ∈ Λ. Set q := trop(η).
AftermodifyingB0, wemay assume that s ∈ B˜ is non-special and, by definition, thismodification
depends only on trop(η), cf. Section 4.2. Let B˜w be the component containing s, and w = q the
corresponding vertex of Λ. By definition, the underlying graph of trop(Xη) is the dual graph Gs
of X˜s . Let z be a node of X˜s . Then there exist an étale neighborhoodU of s in B0 and a function
gz ∈ OU (U ) vanishing at s such that the family X 0 ×B0U is given by xy = gz étale locally near
z. After shrinkingU , we may assume that the latter is true in a neighborhood of any node of X˜s
overU . Furthermore, since s ∈ B˜ is non-special, we may chooseU such that the pullback of DB0
toU is B˜w .
By assumption, X is smooth over B ′, and hence each gz is invertible on the complement of
DB0 , i.e., away from B˜w . However,U is normal, and gz (s) = 0 for all nodes z. Thus, all the gz ’s
vanish identically along B˜w , which implies that the dual graph Gs of X˜s is étale locally constant
over B˜w . We claim that the lengths of the edges of Gs are also étale locally constant. Indeed, pick
a node z ∈ X˜s . Since gz is invertible away from B˜w , and π vanishes to order one along B˜w , there
exists kw ∈N such that π−kw gz is regular and invertible in codimension one, and hence, by nor-
mality, it is regular and invertible onU . Thus, the length of the edge of Gs corresponding to z is
given by ν(ψ∗gz)= kwν(π), cf. Section 4.2, which is étale locally constant around s. Finally, since
X˜ |B˜w → B˜w is split, the identifications of graphs Gs with the dual graph Gw of the generic fiber
is canonical. Hence the tropicalization trop(Xη) depends only on q , and we set Γq := trop(Xη).
It remains to check that the parametrization hη also depends only on q . Since the tangency
profile ofXη→ S is independent of η, so are the slopes of the legs of trop(Xη), cf. Remark 4.1. Let
u be a vertex of Gw , and X˜u ⊂ X˜ the component corresponding to u that dominates B˜w . Pick
anym ∈M . Since f ∗(xm) is regular and invertible away fromDX 0 ,X 0 is normal, andπ vanishes
to order one along X˜u , it follows that there is an integer ku ∈ Z such that πku f ∗(xm) is regular
and invertible at the generic point of X˜u . Thus, hη(u)(m)= kuν(π), and hence hη depends only
on q . We set hq := hη, and obtain a parametrized tropical curve hq : Γq →NR that is canonically
isomorphic to the tropicalization of f : Xη→ S for any K -point η ∈B ′ satisfying trop(η)= q .
Step 2: h : ΓΛ→ NR is a family of parametrized tropical curves. We need to show that the fiber-
wise tropicalizations constructed in Step 1 form a family of parametrized tropical curves; that
is, we need to specify a datum (†) as in § 3.1.3 that satisfies the conditions of Definition 3.1.
Since the tropicalizations of K -points give rise only to rational points in the tropical curve, we
15
will work with rational points ΛQ ⊂Λ, and in the very end extend the family by linearity to the
non-rational points of Λ.
By Step 1, the extended degree of hq : Γq → NR is independent of q ∈ Λ, and will be denoted
by ∇. Furthermore, if q is an inner point of some e ∈ E (GΛ), and trop(η)= q , then s is the special
point of B˜ corresponding to e , and the underlying graph of Γq is the dual graph of the reduction
X˜s . Therefore, the underlying graph of Γq depends only on e , and will be denoted by Ge . We will
see below that in this case, the slopes of the bounded edges of Γq , also depend only on e . Hence
so does the combinatorial type of (Γq ,hq).
Next, we specify the contraction maps. Let s′ ∈ B˜w be a node of B˜ corresponding to an edge
e of Λ, and Ge := Gs ′ the corresponding weighted graph. Any degeneration of stable curves cor-
responds to a weighted edge contraction on the level of dual graphs. Thus, for the étale local
branch of B˜w at s′ corresponding to ~e ∈ Star(w ), we get the contraction ϕ~e : Ge → Gw between
the associated dual graphs. Analogously, for the reduction s′ ∈ B˜w of a marked point with corre-
sponding leg l ∈ L(Λ), we obtain the desired contraction ϕ~l : Gl →Gw .
Finally, let us define the functions ℓ and h. Let w ∈V (Λ) be a vertex, and~e ∈ Star(w ) an edge
or a leg. We define the functions ℓ(γ, ·) : e ∩Q→ R≥0 and h(u, ·) : e ∩Q→ NR for each γ ∈ E (Ge)
and u ∈ V (Ge) as follows: if q ∈ e◦∩Q, then ℓ(γ,q) := ℓq (γ) and h(u,q) := hq (u), and if q is the
tail of~e, then ℓ(γ,q) := ℓq (ϕ~e (γ)) and h(u,q) := hq (ϕ~e (u)).
τi
B
X˜ϕ ~e (u)
sB˜v
σ j
η
B˜v B˜w
X˜ϕ~e (u)
X˜s,u
FIGURE 2. The left picture shows the components of DX 0 . On the right, we in-
dicate the irreducible components of X˜ .
To finish the proof of Step 2, it remains to show that the functions ℓ(γ, ·) : e ∩Q→ R≥0 and
h(u, ·) : e∩Q→NR are restrictions of integral affine functions. Indeed, if this is the case, then the
family extends to the irrational points of e . Furthermore, it follows that the slope of hq along any
γ ∈ E (Ge ) is continuous on e◦, and obtains values inN at the rational points q ∈ e◦∩Q. Therefore,
it is necessarily constant on e◦, and hence so is the combinatorial type.
Notice that for the function h, the assertion can be verified separately for the evaluations
h(u, ·)(m) of h(u, ·) at single monomials m. Thus, we fix an arbitrary m ∈ M for the rest of the
proof. We also fix an edge γ ∈ E (Gq) and a vertex u ∈ V (Gq ), and let z ∈ X˜s denote the node
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corresponding to γ and X˜s,u the irreducible component of X˜s corresponding to u; see Figure 2.
There are two cases to consider.
Case 1: s ∈ B˜ is a node. Let e be the edge of Λ corresponding to s. Then q ∈ e◦ and Gq = Ge .
After shrinkingU , we may assume that it is given by ab = πks for some positive integer ks , and
B˜ has two components B˜v and B˜w inU given by a = 0 and b = 0, respectively. Thus, the length
ℓΛ(e) is given by ksν(π).
We start with the function ℓ. Since gz is regular and vanishes only along B˜v ∪ B˜w inU , there
exist ka ,kb,kπ ∈N such that a−kab−kbπ−kπgz is regular and invertible onU . Therefore,
ℓ(γ,q)= ν(ψ∗gz)= kaν(ψ∗a)+kbν(ψ∗b)+kπν(π)= (ka −kb)ν(ψ∗a)+kbℓΛ(e)+kπν(π). (4.1)
By Lemma 4.3, ν(ψ∗(a)) is the distance of q from w in e . Thus, (4.1) defines an integral affine
function of q on e with slope ka −kb; see Figure 3 for an illustration.
B˜w B˜v
s
ηB
X˜s
z
Xη
U
w vtrop(η)
trop(Xη)
ν(ψ∗(a))
FIGURE 3. The tropicalization of X →B near a node of B˜ .
It remains to show that the value of (4.1) for ν(ψ∗(a))= 0 is ℓw (ϕ~e (γ)), where the orientation
on e is such that w is its tail. By Step 1, ℓw (ϕ~e (γ)) = kwν(π). Since a is invertible at the generic
point of B˜w , the order of vanishing kw of gz at the generic point of B˜w is equal to the order of
vanishing of bkbπkπ , which in turn is the order of vanishing of πkbks+kπ . Thus,
ℓw (ϕ~e (γ))= kwν(π)= (kbks +kπ)ν(π)= kbℓΛ(e)+kπν(π), (4.2)
as needed.
Next we consider the function h. For the two orientations~e and ~e on e , let ϕ~e : Ge → Gw and
ϕ ~e : Ge →Gv be the weighted edge contractions defined above. As in Step 1, we have irreducible
components X˜ϕ ~e (u) and X˜ϕ~e (u) of X˜ ; they are the components of X˜ containing X˜s,u and sup-
ported over B˜v and B˜w , respectively; see Figure 2. Since f ∗(xm) is regular and invertible outside
DX 0 , there exist ra ,rb,rπ ∈ Z such that arabrbπrπ f ∗(xm) is regular and invertible at the generic
points of X˜ϕ ~e (u) and X˜ϕ~e (u), and hence, by normality of X , it is regular and invertible in a neigh-
borhood of the generic point of X˜s,u . Therefore,
h(u,q)(m)= raν(ψ∗(a))+ rbν(ψ∗(b))+ rπν(π)= (ra − rb)ν(ψ∗(a))+ rbℓΛ(e)+ rπν(π). (4.3)
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By Lemma 4.3, ν(ψ∗(a)) is the distance of q from w in e . Thus, (4.3) defines an integral affine
function on e with slope ra − rb . Furthermore, the value of this function for ν(ψ∗(a)) = 0 is
hw (ϕ~e (u)). Indeed, since a is regular and invertible at the generic point of B˜w , it is regular and
invertible at the generic point of X˜ϕ~e (u). Thus, by the definition of hw ,
hw (ϕ~e (u))= ν
(
brbπrπ
)
= ν
(
πksrb+rπ
)
= (ksrb+ rπ)ν(π)= rbℓΛ(e)+ rπν(π),
as needed. Similarly, the value of (4.3) for ν(ψ∗(a))= ℓΛ(e) is hv (ϕ ~e (u)).
Case 2: s ∈ B˜ is the reduction of a marked point. Let τ ∈ B be the marked point with reduction
s, l the associated leg of Λ, and B˜w the component of B˜ containing s. Then q ∈ l ◦ and Gq = Gl .
After shrinkingU , we may assume that B˜ ∪τ inU is given by πa = 0.
Again, we start with the function ℓ. Since gz is regular inU and vanishes only along B˜∪τ, there
exist kw ,kτ ∈N such thatπ−kwa−kτgz is regular and invertible onU . The length ℓ(γ,q)= ν(ψ∗gz )
is thus given by
ℓ(γ,q)= kwν(π)+kτν(ψ∗(a)). (4.4)
By Lemma 4.4, ν(ψ∗(a)) is the distance of q from w in l . Thus, (4.4) defines an integral affine
function on l with slope kτ and, by Step 1, its value at ν(ψ∗(a)) = 0 is kwν(π) = ℓw (ϕ~l (γ)), as
required; see Figure 4 for an illustration.
B˜ws
X˜s
Xη
η τ
U
w
l
trop(Xη)
trop(η)
ν(ψ∗(a))
FIGURE 4. The tropicalization of X →B near a marked point of B˜ .
We proceed with the function h. Let ϕ~l : Gl → Gw be the edge contraction defined above.
As before, we have a unique component X˜ϕ~l (u) of X˜ containing X˜s,u and supported over B˜w .
Similarly, there is a unique component Xτ,u of Xτ containing X˜s,u in its closure. Since f ∗(xm)
is regular and invertible away from DX 0 , there exist rw ,rτ ∈Z such that πrw arτ f ∗(xm) is regular
and invertible onU . Therefore,
h(u,q)(m)= rτν(ψ∗(a))+ rwν(π). (4.5)
By Lemma 4.4, ν(ψ∗(a)) is the distance of q from w in l . Thus, (4.5) defines an integral affine
function on l with slope rτ, and the value hw (ϕ~l (u))(m) at w , since w is given by ν(ψ
∗(a)) = 0,
cf. Step 1.
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Step 3: The harmonicity and the local combinatorial surjectivity of the map α. Let w ∈ V (Λ) be
a vertex, and Θ the combinatorial type of α(w ). Let C →M g ,n+|∇| be the universal curve, and
consider the natural map to the coarse moduli space χ : B0 →Mg ,n+|∇|. There are two cases to
consider:
Case 1: χ contracts B˜w . Set p := χ(B˜w ). Since X˜ → B˜ is split, it follows that the restriction of
X˜ to B˜w is the product B˜w ×Cp . Furthermore, Gw is the dual graph of Cp , and αmaps Star(w )
to M[Θ]. Since α is piecewise integral affine, the map lifts to a map to MΘ, which we denote by
αw . Let us show thatα is harmonic at w , i.e.,∑
~e∈Star(w)
∂αw
∂~e
= 0.
The latter equality can be verified coordinatewise. Recall that the integral affine structure onMΘ
is induced fromN |V (Gw )|
R
×R|E(Gw )|. Let γ ∈ E (Gw ) be an edge corresponding to a node z ∈Cp , and
assume for simplicity that γ is not a loop. The case of a loop can be treated similarly, andwe leave
it to the reader. Let u,u′ ∈ V (Gw ) be the vertices adjacent to γ, Cu and Cu′ the corresponding
components of Cp , and X˜u ,X˜u′ ,Z the pullbacks of Cu ,Cu′ ,z to X˜ , respectively. The universal
curve C is given étale locally at z by xy =mz , where mz is defined on an étale neighborhood
of p , and vanishes at p . Thus, X 0 is given by xy = gZ := χ∗mz in an étale neighborhood of Z .
Notice that we constructed a function defined in a neighborhood of the whole family of nodes
Z , which globalizes the local construction of Step 1 in the particular case we consider here.
To prove harmonicity with respect to the coordinate xγ corresponding to γ, we now consider
(π−kw gZ )|B˜w , where, as in Step 1, kw denotes the order of vanishing of gZ at the generic point of
B˜w . Thus, (π−kw gZ )|B˜w is a non-zero rational function on B˜w , and hence the sum of orders of
zeroes and poles of this function is zero. We claim that this is precisely the harmonicity condition
we are looking for. Indeed, since X 0 is smooth over B ′, the function gZ is regular and invertible
away fromDB0 , and hence, as usual, (π
−kw gZ )|B˜w has zeroes and poles only at the special points
of B˜w . For~e ∈ Star(w ), let s be the corresponding special point. If s is a node of B˜ , and B˜v is the
second irreducible component containing s, then pick ks ∈N as in Case 1 of Step 2, i.e., such that
B0 is given étale locally at s by ab =πks . Then, using Case 1 of Step 2,
∂xγ
∂~e
= ℓv (γ)−ℓw (γ)
ℓΛ(e)
= kv −kw
ks
,
which is the order of vanishing of (π−kw gZ )|B˜w at s. Similarly, if s is the specialization of amarked
point,
∂xγ
∂~e is again the order of vanishing of (π
−kw gZ )|B˜w at s.
Next, let us show harmonicity with respect to a coordinate nu for u ∈V (Gw ), that is, we need
to show that ∑
~e∈Star(w)
∂h(u, ·)(m)
∂~e
= 0
for anym ∈M . Let ku ∈ Z be such that πku f ∗(xm) is regular and invertible at the generic point
of X˜u . Then the divisor Du,m of (πku f ∗(xm))|X˜u has horizontal components supported on the
special points of the fibers of X˜ → B˜ , and vertical components supported on the preimages
of the special points of B˜w . Pick a general point c ∈ Cu , and consider the horizontal curve
B˜w,c := B˜w × {c} ⊂ X˜u . It intersects no horizontal components of Du,m , and intersects its ver-
tical components transversally.
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Let s ∈ B˜w be a special point, and X˜s,u the corresponding vertical component ofDu,m . Itsmul-
tiplicity in Du,m is equal to the multiplicity of the point (s,c) in the divisor of (πku f ∗(xm))|B˜w,q ,
and hence the sum over all special points of B˜w of these multiplicities vanishes. On the other
hand, we claim that the multiplicity of X˜s,u in Du,m is nothing but
∂h(u,·)(m)
∂~e , where ~e ∈ Star(w )
corresponds to the special point s. Indeed, if s is the specialization of a marked point τ, then
∂h(u,·)(m)
∂~e = rτ, where rτ is the order of pole of f ∗(xm) at τ as in Case 2 of Step 2. Since π does not
vanish at τ, we conclude that ∂h(u,·)(m)
∂~e is the multiplicity of the reduction X˜s,u of Xτ in Du,m ,
as asserted. A similar computation shows that if s is a node of B˜ , then ∂h(u,·)(m)
∂~e is again the
multiplicity of X˜s,u in Du,m . We leave the details to the reader.
Case 2: χ does not contract B˜w . By the assumptions of the theorem, the graphGw is weightless
and 3-valent except for at most one 4-valent vertex. Since rational curves with three special
points have no moduli, it follows that Gw has a 4-valent vertex, which we denote by u ∈ Gw . In
this case we will show that the map α is locally combinatorially surjective at w . Consider X˜u as
above. By construction, X˜u → B˜w is a family of rational curves and since X˜ → B˜ is split, the four
marked points in each fiber define sections of the family. Let ξ : B˜w →M0,4 ≃ P1 be the induced
map. Since χ does not contract B˜w , it follows that ξ is not constant, and hence surjective. We
conclude that B˜w contains points, the fibers over which have dual graphs corresponding to the
three possible splittings of the 4-valent vertexu into a pair of 3-valent vertices joined by an edge.
In particular, α does not map Star(w ) into M[Θ], and we need to show that for each Θ′ with an
inclusion MΘ ,→MΘ′ there is~e ∈ Star(w ) such that α(e)∩M[Θ′] 6= ;. To see this, notice that any
such polyhedronMΘ′ corresponds to one of the three possible splittings of the 4-valent vertex u
since, by balancing, the slope of the new edge is uniquely determined. 
α
α(~e)
MΘ
MΘ′
α(w)
Λ
w
ΓΛ u
FIGURE 5. An illustration for Case 2 of Step 3 in the proof of Theorem 4.6. Since
ΓΛ is not embeddable in R3, the picture is a “cartoon”. The valency of w may be
greater than three, but for each resolution of the 4-valent vertex, there is at least
one germ in Star(w ) as in the picture.
4.5. Proof of Corollary 4.9. Set s′ := red(τ) ∈ B˜ , and let z be the node of the fiber X˜s ′ corre-
sponding to the edge of varying length γ ∈ E (Gl ). Let B˜w be the component of B˜ containing s′.
Recall that we set DX 0 := X˜ ∪
(⋃
i Xτi
)
∪
(⋃
j σ j
)
, where σ j are the marked points of X →B .
(1) As in Case 2 of Step 2 in the proof of Theorem 4.6, in an étale neighborhoodU of s′, B˜∪τ is
given by πa = 0, and the family X 0→B0 overU is given étale locally near z by xy = gz for some
gz ∈ OU (U ). The length of γ is an integral affine function on l , and by (4.4), its slope is given by
the order of vanishing kτ of gz at τ. Since the slope of ℓ(γ, ·) along l is not constant, kτ > 0, i.e., gz
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vanishes at τ. Thus, Xτ has a node as asserted. Vice versa, any node of Xτ specializes to some
node z ′ of Xs ′ corresponding to an edge γ′ ∈ E (Gl ). Then étale locally at z ′, the family X 0→ B0
is given by xy = gz ′ , and gz ′ vanishes at τ. By (4.4) we conclude that the slope of ℓ(γ′, ·) is not
constant along l . Thus, γ= γ′ by the assumption of the corollary, and hence z ′ = z.
(2) LetX ′τ ⊆Xτ be an irreducible component. First, we show that for anym ∈M , the pullback
f ∗(xm) is regular and invertible at the generic point of X ′τ. Hence the rational map f is defined
at the generic point of X ′τ, and maps it to the dense orbit T . Pick a vertex u of Gl such that X˜s,u
belongs to the closure of X ′τ. By (4.5), the slope of h(u, ·)(m) along l is given by the order of pole
of f ∗(xm) along X ′τ. However, h(u, ·)(m) is constant along l by the assumptions of the corollary,
and hence f ∗(xm) has neither zero nor pole at the generic point ofX ′τ. Second, notice that since
X 0 is normal, f ∗(xm) is regular and invertible away from DX 0 , and it is regular and invertible
in codimension one on Xτ, it follows that f is defined on Xτ \
(⋃
j σ j
)
. Pick any σ j , and let us
show that f is defined at σ j (τ) ∈Xτ, too. Let S j ⊆ S be the affine toric variety consisting of the
dense torus orbit and the orbit of codimension at most one containing the image of σ j (b) for
a general b ∈ B . Then the pullback of any regular monomial function xm ∈ OS j (S j ) is regular in
codimension one in a neighborhood of σ j (τ), and hence regular at σ j (τ) by normality of X 0.
Thus, f is defined at σ j (τ), andmaps it to S j . The last assertion is clear. 
5. DEGENERATION VIA POINT CONSTRAINTS
In this section, (S,L ) =
(
P2,O (d )
)
, M = N = Z2, and ∇ = ∇d is the reduced degree of tropi-
cal curves associated to the triangle ∆d , i.e., ∇ consists of 3d vectors: (1,1), (−1,0), (0,−1), each
appearing d times. Recall that for an integer 1−d ≤ g ≤
(d−1
2
)
, the Severi variety parametrizing
curves of degree d and geometric genus g is a constructible subset Vg ,d ⊆ |O (d )| of pure dimen-
sion 3d+g−1. The goal of this section is to prove our firstmain theorem and its corollary, which
generalizes Zariski’s theorem to arbitrary characteristic.
Theorem 5.1. Let d ∈ N and 1− d ≤ g ≤
(d−1
2
)
be integers, and let V ⊆ V g ,d be an irreducible
component. Then V contains V1−d ,d .
Corollary 5.2 (Zariski’s Theorem). Let V ⊂Vg ,d be an irreducible subvariety. Then,
(1) dim(V )≤ 3d + g −1, and
(2) if dim(V )= 3d + g −1, then for a general [C ] ∈V , the curveC is nodal.
Proof. Assertion (1) follows from Proposition 2.7. If dim(V )= 3d+g −1, thenV is an irreducible
component of V g ,d by Proposition 2.7, and hence V1−d ,d ⊆ V by Theorem 5.1. Thus, there ex-
ists [C ] ∈ V such that C is nodal. However, the locus of nodal curves is open in V by [Sta20,
Tag 0DSC], andV is irreducible. Hence for a general [C ] ∈V , the curveC is nodal. 
Remark 5.3. Assertion (1) in arbitrary characteristic and for any toric surface was already proved
in [Tyo13, Theorem 1.2] by the third author. Examples of toric surfaces for which assertion (2)
fails can also be found loc.cit.
The rest of the section is devoted to the proof of Theorem 5.1, which proceeds by induction
on (d ,g ) with the lexicographic order. The base of induction, (d ,g )= (1,0), is clear. To prove the
induction step, let (d ,g )> (1,0) be a pair of integers such that 1−d ≤ g ≤
(d−1
2
)
, and assume that
for all (d ′,g ′)< (d ,g ) the assertion is true. Let us prove that it holds true also for the pair (d ,g ). If
g = 1−d , then there is nothing to prove since V1−d ,d is clearly irreducible. Thus, we may assume
that g > 1−d .
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Step 1: The reduction to the case of irreducible curves. We claim that it is enough to prove the
assertion for V ⊆ V irrg ,d . Indeed, let [C ] ∈ V be a general point, and assume that C is reducible.
Denote the degrees of the components by di , and their geometric genera by gi . Then di < d for
all i , d = ∑di , and g − 1 = ∑(gi − 1). Consider the natural finite map ∏V irrg i ,di → V g ,d , whose
image contains [C ]. By Proposition 2.7, the dimension of each irreducible component of V
irr
g i ,di
is equal to 3di + gi − 1, and since
∑m
i=1(3di + gi − 1) = 3d + g − 1 = dim(V ), it follows that V is
dominated by a product of irreducible componentsVi ⊆V
irr
g i ,di . However, V1−di ,di ⊆Vi for all i by
the induction assumption, and hence V1−d ,d ⊆V .
From now on, we assume that V ⊆V irrg ,d . Our goal is to prove that the locus of curves of geo-
metric genus g−1 inV has dimension 3d+g−2, since thenV necessarily contains a component
ofVg−1,d , and hence alsoV1−d ,d by the induction assumption. In order to apply the results of the
previous section, we will assume that the field K is the algebraic closure of a complete discretely
valued field, which we may do by the Lefschetz principle.
We proceed as follows: set n := 3d+g−1, and pick n−1 points {pi }n−1i=1 ⊂P2 in general position
that tropicalize to distinct vertically stretched points {qi }n−1i=1 in R
2. For each i , let Hi ⊂ |O (d )|
be the hyperplane parametrizing curves passing through the point pi . Since dim(V ) = n and
the points are in general position, the intersection Z := V ∩
(⋂n−1
i=1 Hi
)
has pure dimension one.
Then a general [C ] ∈ Z corresponds to an integral curve C of geometric genus g that intersects
the boundary divisor transversally by Proposition 2.7. Hence it is sufficient to show that there
exists [C ′] ∈ Z such thatC ′ is reduced and has geometric genus g −1.
Step 2: The construction of a family of parametrized curves. This step follows the ideas and the
techniques of de Jong [dJ96] based on the results of Deligne [Del85]. The goal is to construct a
family f : X 99K P2 of parametrized curves over a smooth base curve (B ,τ•), a prestable model
B0 of (B ,τ•) whose reduction B˜ has smooth irreducible components, and a finite morphism
B → Z that satisfy the following properties: (i) (X → B ,σ•) extends to a split family of stable
marked curves over B0, and (ii) for a general [C ] ∈ Z , the fibers of X → B over the preimages of
[C ] are the normalization X ofC equippedwith the naturalmap toP2 andwith 3d+n−1marked
points such that the first n−1 of them aremapped to p1, . . . ,pn−1, and the rest – to the boundary
divisor; cf. Definition 4.5.
Let us start with the normalization B → Z and with the pullback X → B of the tautological
family to B equipped with the natural map f : X → P2. We are going to replace B with finite
coverings, dense open subsets, and compactifications several times, but to simplify the presen-
tation, we will use the same notation B ,X , and f . First, we apply Lemma 2.3. After replacing B
with B ′ and X with X ′ as in the lemma, we may assume that the family X → B is a generically
equinormalizable family of projective curves. After shrinking B , we may further assume that
X →B is equinormalizable, the pullback of the boundary divisor of P2 on each fiber is reduced,
and the preimages of pi ’s are smooth points of the fibers.
Second, we label the points of X that are mapped to {pi }n−1i=1 and to the boundary divisor,
which results in a finite covering of the base curveB . After replacing B with this covering, andX
with the normalization of the pullback, we equip the family X → B with marked points σ• such
that the first n−1 of them are mapped to p1, . . . ,pn−1, and the rest – to the boundary divisor. In
particular, we obtain a 1-morphism B→Mg ,3d+n−1 that induces the family (X → B ,σ•). Notice
that the natural morphism f : X →P2 satisfies Property (ii).
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The compactificationM g ,3d+n−1 admits a finite surjectivemorphism fromaprojective scheme
M , cf. [dJ96, §2.24]. Thus, after replacing B with an irreducible component of B ×
M g ,3d+n−1
M ,
we may extend the family (X → B ,σ•) to a family of stable curves with marked points over a
smooth projective base, i.e., we may assume that B is projective. Furthermore, the family over
B is the pullback of the universal family overM along B→M . Plainly, the induced rational map
f : X 99KP2 still satisfies Property (ii).
Let Bst be the stable model of B , and B0 the closure of the graph B → M in Bst×M . It is a
projective integral model of B over which the family (X → B ,σ•) naturally extends. Further-
more, the extension is obtained by pulling back the universal family fromM . After replacing B0
with a prestable model dominating B0, whose reduction has smooth irreducible components,
we obtain a model of the base over which the family extends to a family of stable marked curves
satisfying Property (ii). It remains to achieve splitness. To do so, we proceed as in [dJ96, § 5.17].
We begin by adding sections such that the nodes of the geometric fibers are contained in the
sections. Such sections exist by [dJ96, Lemma 5.3]. We temporarily add these sections asmarked
points, replace B by an appropriate finite covering, and construct a prestable model of the base
over which the family of curves with the extended collection of marked points admits a stable
model. By construction, the irreducible components of the geometric fibers of the new family
are smooth. By applying [dJ96, Lemmata 5.2 and 5.3] once again, we may assume that the new
family admits a tuple of sections such that for any geometric fiber, any component contains a
section, and any node is contained in a section. This implies that the new family is split; cf.
[dJ96, § 5.17]. Finally, we remove the temporarilymarked points σl ’s and stabilize. The obtained
family is still split.
To summarize, we constructed a projective curvewithmarkedpoints (B ,τ•), its integralmodel
B0, a family of marked curves (X → B ,σ•), and a rational map f : X 99K P2 that satisfy Proper-
ties (i) and (ii).
Step 3: The conclusion.
Lemma 5.4. Let h : ΓΛ→R2 be the tropicalization of f : X 99KP2 with respect toX 0→ B0. Then
there exists a leg l ofΛ such that the lengths of all but one edge of Gl are constant in the family ΓΛ,
and the map h is constant on all vertices of Gl , where Gl is the underlying graph of the tropical
curves parametrized by l .
We postpone the proof of the lemma and first, deduce the theorem. Let τ ∈ B (K ) be the
marked point corresponding to the leg l from Lemma 5.4. By Corollary 4.9, the geometric genus
of Xτ is g −1. Furthermore, the map f is defined on Xτ, maps its generic points to the dense
orbit, and the pullback of the boundary divisor is a reduced divisor of degree 3d . Thus, f |Xτ is
birational onto its image, and hence [ f (Xτ)] ∈ Z is a reduced curve of genus g −1, which com-
pletes the proof of Theorem 5.1. 
Proof of Lemma 5.4. To prove the lemma, we shall first analyze the image of the induced map
α : Λ→ M tropg ,n−1,∇. The strata of the moduli space we will deal with admit no automorphisms.
Thus, throughout the proof, one can think aboutM tropg ,n−1,∇ as a usual polyhedral complex rather
than a generalized one. In particular, we will use the standard notion of star of a given stratum
in a polyhedral complex.
Notice that α is not constant, since by the construction of B , for any p ∈P2, there exists b ∈ B
such that the curve f (Xb) passes through p , and hence h(Γtrop(b)) contains trop(p), which can
be any point in Q2 ⊂ R2, cf. Remark 4.2. We will also need the following key properties of α,
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which we prove next: (a) ifαmaps a vertex v ∈V (Λ) to a simple wallMΘ, see Definition 3.8, then
there exists a vertex w ∈ V (Λ) such that α(w ) = α(v) and the map α is locally combinatorially
surjective at w ; and (b) ifMΘ′ is nice and α(Λ)∩MΘ′ 6= ;, then
α(Λ)∩MΘ′ =MΘ′ ∩ev−1Θ′ (q1, . . . ,qn−1),
where ev: M tropg ,n−1,∇→ Nn−1R denotes the evaluation map defined in Section 3.1.6. In particular,
α(Λ)∩MΘ′ is an interval, whose boundary is disjoint fromMΘ′ , since so isMΘ′∩ev−1Θ′ (q1, . . . ,qn−1)
by Lemma 3.9 (3).
We start with property (a). Notice that MΘ∩ ev−1Θ (q1, . . . ,qn−1) is a point by Lemma 3.9 (2).
However, α is not constant, and hence there exists a vertex w such that α(Star(w ))* MΘ and
α(w )= α(v). Thus, α is not harmonic at w , and hence it is locally combinatorially surjective at
w by Theorem 4.6.
Property (b) follows from harmonicity. Indeed, since MΘ′ ∩ ev−1Θ′ (q1, . . . ,qn−1) is an interval,
; 6= α(Λ)∩MΘ′ ⊆MΘ′ ∩ev−1Θ′ (q1, . . . ,qn−1), and α is affine on the edges and legs, it follows that
α(Λ)∩MΘ′ is a finite union of closed intervals. However, by Theorem 4.6, α is harmonic at the
vertices w ∈ V (Λ) that are mapped to MΘ′ . Thus, α(Λ)∩MΘ′ is a single closed interval, whose
boundary is disjoint fromMΘ′ , which implies (b).
Pick a point pn ∈ P2 with tropicalization qn ∈ R2 such that the collection {pi }ni=1 is in general
position, and the configuration {qi }ni=1 is vertically stretched, see Section 3.2. Assume further
that the points {qi }ni=1 belong to a line defined by y = −µx for some µ≫ 1. Let b ∈ B (K ) be
a point such that f (Xb) passes through pn . Then the tropicaliztion (Γ,h) of (Xb , f ) is a floor
decomposed curve by Proposition 3.12. By Proposition 3.7, if wemarked the point pn onXb , the
tropicalization trop(Xb ;p1, . . . ,pn) would be weightless and 3-valent, and the map to R
2 would
be an immersion away from the contracted legs. The tropicalization trop(Xb ;p1, . . . ,pn−1) is
obtained from trop(Xb ;p1, . . . ,pn) by removing the leg contracted to qn and stabilizing. Thus,
α(trop(b)) belongs to a nice stratum MΘ′ . Furthermore, the elevator E adjacent to the top floor
of Γ hasmultiplicity one, cf. Remark 3.13.
Denote the floors from the bottom to the top by F1, . . . ,Fd , and let Fk , k < d , be the non-top
floor adjacent to E . We may assume that qn belongs to the image of the elevator E , and qi to
the image of the floor Fi for all 1 ≤ i ≤ d . Indeed, pick a permutation σ : {1, . . . ,n}→ {1, . . . ,n}
such that qσ(n) ∈ h(E ) and qσ(i ) ∈ h(Fi ) for all 1 ≤ i ≤ d . Set p ′i := pσ(i ), and consider the curve
B ′ associated to {p ′i }
n−1
i=1 and the corresponding family of parametrized curves f
′ : X ′ 99K P2. By
construction, there exists b′ ∈ B ′(K ) such that (X ′b′ , f ′|X ′b′ ) = (Xb , f |Xb ). It remains to replace B
with B ′, (X , f ) with (X ′, f ′), and pi ’s with p ′i ’s.
Denote the x-coordinate of E ∩Fk by x, and let E ′ be the downward elevator adjacent to Fk
whose x-coordinate x ′ is the closest to x. Notice that by Remark 3.13, the x-coordinate of the
marked point qd does not belong to the interval joining x and x
′. Without loss of generality
we may assume that x ′ > x. We will call a point of Fk special if it is either a marked point or a
vertex. Denote the x-coordinates of the special points of Fk that belong to the interval [x,x
′] by
x = x0 < x1 < ·· · < xr = x ′. If xi belongs to an elevator, then the elevator will be denoted by Ei .
Plainly, E = E0 and Er = E ′.
Set qn(t ) := qn + t (x1− x0,0), 0≤ t ≤ 1, and consider the continuous family of tropical curves
(Γt ,ht ) ∈ MΘ′ ∩ ev−1Θ′ (q1, . . . ,qn−1), where (Γ0,h0) = (Γ,h), and such that qn(t ) ∈ ht (E ) for all t .
Since q1, . . . ,qn−1,qn(t ) are verticallyλ-stretched for a very large value ofλ, the floors of the curve
remain disjoint in the deformation (Γt ,ht ). Notice also that since the points q1, . . . ,qn−1 are fixed
the x-coordinate of each elevator except E remains the same in the deformation. Furthermore,
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for any i 6= k ,d , the x-coordinates of all elevators adjacent to Fi are fixed in the deformation, as
well as the position of the marked point qi on Fi . Thus, the restriction of the parametrization h
to Fi is also fixed. Finally, since the x-coordinate of qd does not belong to [x,x
′], it follows that
(Γt ,ht ) ∈ MΘ′ ∩ev−1Θ′ (q1, . . . ,qn−1) for all 0 ≤ t ≤ 1. Furthermore, the curve (Γ1,h1) belongs to a
simple wall MΘ, in which the elevator E = E0 gets adjacent to a 4-valent vertex on the floor Fk
together with either the elevator E1 or the leg contracted to themarked point qk .
Let us describe Star(MΘ) explicitly. It consists of three nice strataMΘ′ ,MΘ′′ ,MΘ′′′, cf. Case 2 of
Step 3 in the proof of Theorem 4.6. The stratumMΘ′′ parametrizes curves in which the elevator
E = E0 has x-coordinate larger than that of E1 (resp. qk), andMΘ′′′ parametrizes curves in which
E0 and E1 (resp. qk) get adjacent to a common vertex u in the perturbation of the 4-valent vertex
of (Γ1,h1); see Figure 6. By Property (b), there exists a vertex v of Λ, such that α(v) ∈M tropg ,n−1,∇
is the isomorphism class of (Γ1,h1), and hence by Property (a), there exists a vertex w such that
α(w )=α(v) and α is locally combinatorially surjective at w .
Fk
qk qk
Fk
E = E0 E
Fk qk
E
MΘ MΘ′ MΘ′′
E
Fk
qk
MΘ′′′
Fk
qk
E = E0
E1
Fk
E
Fk
E1 E1
E E
E1
Fk
u
FIGURE 6. On the left, the elevator E reaches a special point. On the right –
the local pictures of typical elements in the three nice cones in Star(MΘ). The
top row illustrates the case when the special point is a vertex, and the bottom –
when it is a marked point.
E = E0
Fk
MΘ′
E ′ = E1
E
Fk
MΘ′′′
E ′u
FIGURE 7. The case in which the 4-valent vertex is adjacent to two elevators of
multiplicity one. The right picture illustrates the fact that in this case, the curves
parametrizedbyMΘ′′′∩ev−1Θ′′′(q1, . . . ,qn−1) have constant image inR2 and contain
an edge of varying length contracted to u.
We proceed by induction on (k ,r ) with the lexicographic order, and start with the extended
base of induction: r = 1 and the multiplicity of E ′ is one. Since ∇ is reduced, this is the case in
the actual base of induction (k ,r )= (1,1). Let e ∈ Star(w ) be an edge such thatα(e)⊂MΘ′′′. Since
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the elevators E and E ′ both have multiplicity one, it follows from the balancing condition that
the third edge adjacent to u gets contracted by the parametrizationmap h; see Figure 7.
Thus, the locus MΘ′′′ ∩ ev−1Θ′′′(q1, . . . ,qn−1) is an unbounded interval. Furthermore, all curves
in this locus factor through (Γ1,h1). By Property (b), MΘ′′′ ∩ ev−1Θ′′′(q1, . . . ,qn−1) = α(Λ)∩MΘ′′′ .
Hence there exists a leg l ∈ L(Λ) such that α(l ) ⊂MΘ′′′ ∩ev−1Θ′′′(q1, . . . ,qn−1) is not bounded. The
leg l satisfies the assertion of the lemma. Next, let us prove the induction step. We distinguish
between two cases.
Case 1: r > 1. Let e ∈ Star(w ) be an edge such that α(e) ⊂MΘ′′ , and (Γ1+ǫ,h1+ǫ) the tropical
curve parametrized by any point in e◦. Then the corresponding invariant is (k ,r −1), and hence,
by the induction assumption, there exists a leg l ∈ L(Λ) satisfying the assertion of the lemma.
See Figure 8 for an illustration.
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Fk
qn (1)
qk qk qk
qn (1)
Fk
F1
F1 F1
Fk Fk
E = E0 E E
E E
qn
qk
Fk
F1
Ei
E1 E1
E1
E ′ = Er
Γ0 Γ1 Γ1+ǫ
E = E0
E ′ = Er
FIGURE 8. Moving the elevator E along the floor Fk . The top row illustrates the
wall-crossing corresponding to amarked point, and the bottom– to a downward
elevator.
Case 2: r = 1 and k > 1. We already checked the case when the multiplicity of E ′ is one in the
extended base of induction. Thus, assume that the multiplicitym(E ′) is greater than one. Let q j
be the marked point contained in h1(E ′), and E ′′ the second elevator for which q j ∈ h1(E ′′). Let
Fk ′ be the floor adjacent to E
′′. Then k ′ < k . Let e ∈ Star(w ) be an edge such that α(e) ⊂MΘ′′′,
whereMΘ′′′ denotes the nice cone in the star ofMΘ in which the elevators E and E ′ get attached
to a 3-valent vertexu obtained from the perturbationof the 4-valent vertex of (Γ1,h1). Wedenote
the two elevators corresponding to E ′ in this cone by E ′1 and E
′
2, see Figure 9 for an illustration.
It follows from the balancing condition that the slope of E ′1 in Star(u) is (0,m(E
′)−1). Thus,
the locusMΘ′′′∩ev−1Θ′′′(q1, . . . ,qn−1) is a bounded interval, whose second boundary point belongs
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FIGURE 9. Going down with an elevator E ′ of multiplicity greater than one, and
the corresponding wall-crossings.
to another simple wall MΞ, which parametrizes curves with a 4-valent vertex u′ adjacent to the
elevators E ,E ′,E ′′ and to the leg l j contracted to q j .
As before, there exists a vertex w ′ of Λ such that α(w ′) ∈MΞ and α is locally combinatorially
surjective at w ′ by Property (b). Let MΞ′ ∈ Star(MΞ) be the nice stratum in which the 4-valent
vertex u′ is perturbed to a 3-valent vertex adjacent to E and the downward elevator E ′′2 , and a
3-valent vertex adjacent to E ′ and l j . By Property (a), the image of α intersectsMΞ′ non-trivially.
Furthermore, MΞ′ ∩ev−1Ξ′ (q1, . . . ,qn−1) is a bounded interval, whose second boundary point be-
longs to the simple wallMΥ parametrizing curves with a 4-valent vertex u′′ adjacent to the floor
Fk ′ and to the elevators E and E
′′. As usual, MΞ′ ∩ev−1Ξ′ (q1, . . . ,qn−1) belongs to the image of α,
and hence all three nice strata of Star(MΥ) intersect the image of α non-trivially. In particular,
there exists an edge e ′ ofΛ parametrizing curves with invariant (k ′,∗)< (k ,1), and hence, by the
induction assumption, there exists a leg l ∈ L(Λ) satisfying the assertion of the lemma, which
completes the proof. 
6. THE LOCAL GEOMETRY OF SEVERI VARIETIES
The goal of this section is to prove the following theorem describing the local geometry of
V g ,d and V
irr
g ,d along V1−d ,d :
27
Theorem 6.1. The germ of V g ,d at a general [C0] ∈V1−d ,d is a union of smooth branches indexed
by subsets µ⊆C sing0 of cardinality δ :=
(d−1
2
)
− g . Moreover,
(1) The scheme-theoretic intersectionBr(µ)∩Br(µ′) is smooth of codimension |µ′ \µ| in Br(µ);
(2) The branch Br(µ) belongs to V
irr
g ,d if and only if C0 \µ is connected.
Throughout this section, we fix the degree d ≥ 1, the genus 1−d ≤ g ≤
(d−1
2
)
, and a general
union of lines [C0] ∈ V1−d ,d . Recall that for a projective algebraic curve C and a point p ∈ C ,
the δ-invariant ofC at p is defined to be δ(C ;p) := dim
(
(OCν/OC )⊗OC ,p
)
, whereCν denotes the
normalization of C . Plainly, δ(C ;p) 6= 0 if and only if p is singular. The total δ-invariant of C is
then defined to be δ(C ) := dim(OCν/OC )=
∑
p∈C δ(C ;p). Recall also, that δ(C ) = pa(C )−pg(C ) is
the difference between the arithmetic and the geometric genera; see, e.g., [Ros52, Theorem 8].
We set δ :=
(d−1
2
)
− g , which is the δ-invariant of an irreducible curve of degree d and geometric
genus g in P2. In order to analyze the local geometry of V g ,d along V1−d ,d , it is convenient to
consider the decorated Severi varieties as introduced in [Tyo07].
Definition 6.2. The decorated Severi variety is the incidence locusUd ,δ ⊂ |OP2(d )| × (P2)δ con-
sisting of the tuples [C ;p1, . . . ,pδ], in which C is a reduced curve of degree d , and p1, . . . ,pδ are
distinct nodes of C . The union of the irreducible components U ⊆ Ud ,δ, for which C is irre-
ducible, is also called a decorated Severi variety, and is denoted byU irrd ,δ.
The following is a version of [Tyo07, Proposition 2.11].
Proposition 6.3. Let C := [C ;p1, . . . ,pδ] ∈Ud ,δ be a point, and φ : |OP2(d )|× (P2)δ→ |OP2(d )| the
natural projection. Then,
(1) The restriction of dφ to the tangent space TC(Ud ,δ) is injective;
(2) The varietyUd ,δ is smooth of pure dimension dim(Ud ,δ)=
(d+2
2
)
−1−δ= 3d + g −1;
(3) φ(Ud ,δ)=V g ,d , and φ−1(V
irr
g ,d )=U
irr
d ,δ.
Proof. The proof is a rather straight-forward computation. After removing a general line from
P2, we get an open affine planeA2 = SpecK [x, y]⊂ P2 containing all the pl ’s. We denote the co-
ordinates x, y on the l -th copy of P2 in (P2)δ by xl , yl , and identify H
0(P2,OP2(d )) with the space
of polynomials of degree at most d in the variables x and y . Then the decorated Severi variety
Ud ,δ is given locally at C by the system of 3δ (homogeneous in the coefficients of f ) equations:
f (xl , yl )= fx (xl , yl )= fy (xl , yl )= 0,
where f =∑i , j ai j xi y j ∈H0(P2,OP2(d )), and fx , fy are its partial derivatives.
Let g ∈H0(P2,OP2(d )) be an equation ofC , and for each l , let (λl ,µl ) be the coordinates of the
point pl . Then the tangent space TC(Ud ,δ) is given by the system of 3δ equations
∀l


∑
i , j λ
i
l
µ
j
l
dai j + gx (pl )dxl + gy (pl )d yl = 0∑
i , j iλ
i−1
l µ
j
l
dai j + gxx (pl )dxl + gxy (pl )d yl = 0∑
i , j jλ
i
lµ
j−1
l dai j + gxy (pl )dxl + gy y (pl )d yl = 0
(6.1)
Notice that the kernel Ker(dφ) is given by dai j = 0 for all i and j . However, since pl ∈C is a node
for each l , the matrices [
gxx (pl ) gxy (pl )
gxy (pl ) gy y (pl )
]
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are invertible, and gx(pl ) = gy (pl ) = 0. Therefore, the intersection TC(Ud ,δ)∩Ker(dφ) is zero,
and assertion (1) follows. Furthermore, the dimension of the space of solutions of (6.1) is equal
to the dimension of the space of solutions of the following system of δ equations:
∀l
∑
i , j
λilµ
j
l
dai j = 0, (6.2)
and if the latter system has full rank, then, by the Jacobian criterion, the varietyUd ,δ is smooth
of dimension dim(Ud ,δ)=
(d+2
2
)
−1−δ.
Using the canonical identification T[C ](|OP2(d )|) ∼= H0(C ,OC (d )), we conclude that the differ-
ential dφ induces an isomorphism TC(Ud ,δ)→H0(C ,I (d ))⊂H0(C ,OC (d )), whereI is the ideal
sheaf of the scheme of nodes Z :=⋃δl=1pl .
Lemma 6.4. h1(C ,I (d ))= 0.
It follows from the lemma that the sequence
0→H0(C ,I (d ))→H0(C ,OC (d ))→H0(Z ,OZ )→ 0
is exact. Thus, h0(C ,OC (d ))−h0(C ,I (d )) = h0(Z ,OZ ) = δ, and hence the system (6.2) has full
rank. Therefore, as explained above,Ud ,δ is smooth of pure dimension
(d+2
2
)
−1−δ as asserted
in (2).
To prove (3), notice that the fibers of φ|Ud ,δ are finite. Thus, φ(Ud ,δ) is pure dimensional of
dimension
(d+2
2
)
−1−δ= 3d + g −1. However, by the very definition, φ(Ud ,δ)⊆
⋃
g ′≤g V g ′,d , and
dim(Vg ′ ,d ) = 3d + g ′ − 1 < 3d + g − 1 for any g ′ < g by Proposition 2.7 and Remark 2.8. Thus,
φ(Ud ,δ) is a union of irreducible components of V g ,d . On the other hand, by Corollary 5.2, any
irreducible component V ⊆ V g ,d admits a dense open subset that parametrizes nodal curves,
and hence belongs to φ(Ud ,δ). Therefore, V g ,d ⊆ φ(Ud ,δ), and hence φ(Ud ,δ) = V g ,d . The last
assertion of (3) now follows from the definitions of V
irr
g ,d andU
irr
d ,δ. 
Proof of Lemma 6.4. The lemma is identical to [Tyo07, Claim 2.12], and the proof given in loc.cit.
works in arbitrary characteristic. For the completeness of presentation, we include a variation
of this proof that proceeds by induction on the number of irreducible components ofC .
If C is irreducible, consider the conductor ideal I cond ⊆ OC , i.e., the annihilator of OCν/OC ,
where Cν→C denotes the normalization of C . Notice that I cond is an ideal also in OCν under
the natural embedding OC ⊆ OCν . Thus, H i (C ,I cond(d )) = H i (Cν,I cond(d )) for all i , since the
fibers of Cν→C are zero-dimensional. It follows from the definition that the vanishing locus of
I cond isC sing, and hence I cond ⊆I . Consider the exact sequence of cohomology
H1(C ,I cond(d ))→H1(C ,I (d ))→H1(C ,I /I cond⊗OC (d )).
Since the quotient I /I cond is a torsion sheaf, the group H1(C ,I /I cond⊗OC (d )) vanishes, and
hence the map H1(C ,I cond(d ))→ H1(C ,I (d )) is surjective. However, by [Ros52, Theorem 14],
the degree of the invertible sheaf I cond(d ) onCν is given by
c1(I
cond(d ))= d2−2δ(C )= d2+2pg (Cν)− (d −2)(d −1)= 3d +2g −2> 2g −2,
and hence h1(C ,I cond(d ))= h1(Cν,I cond(d ))= 0, which implies h1(C ,I (d ))= 0.
To prove the induction step, let C1 ⊂ C be an irreducible component of degree d1 < d , and
C2 the union of the other irreducible components. Set d2 := d −d1, and Zi := (Z ∩Ci ) \C3−i for
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i = 1,2. Let Ii ⊂ OCi be the ideal sheaf of Zi and fi ∈ H0(C ,OC (di )) a defining equation of Ci .
Finally, denote by ι the closed immersion C1 ,→C . Consider the exact sequence
0→ ι∗I1(d1)→I (d )→F (d )→ 0, (6.3)
where the first map is multiplication by f2. Then F is supported on C2. Furthermore, it is the
ideal sheaf of Z2 unionwith the zero-dimensional scheme defined by the ideal 〈 f1, f2〉. In partic-
ular, there is a natural embedding I2(d2) ,→F (d ) given bymultiplication by f1, whose cokernel
G is a torsion sheaf. We conclude that there is an exact sequence of cohomology
H1(C2,I2(d2))→H1(C2,F (d ))→H1(C2,G ),
in which the first group vanishes by the induction assumption, and the last group vanishes since
G is a torsion sheaf. Thus, H1(C2,F (d ))= 0. Similarly, we get an exact sequence of cohomology
H1(C1,I1(d1))=H1 (C , ι∗I1(d1))→H1(C ,I (d ))→H1(C ,F (d ))= 0
associated to (6.3). And again, the first group vanishes by the induction assumption. Therefore
h1(C ,I (d ))= 0, which completes the proof. 
Definition 6.5. A δ-marking onC0 is an ordered subset~µ⊆C sing0 of cardinality δ. A δ-marking~µ
is called irreducible ifC0 \~µ is connected.
Remark 6.6. Since δ andC0 are fixed, we will usually call δ-markings onC0 simplymarkings. For
a marking~µwe denote the underlying set by µ.
Proof of Theorem 6.1. Let ~µ = (p1, . . . ,pδ) be a marking. Consider the germU~µ of the decorated
Severi variety Ud ,δ at [C0;p1, . . . ,pδ]. By Proposition 6.3, it is smooth of dimension 3d + g − 1,
andU~µ is isomorphic to its image under the natural projection φ to |OP2(d )|. Thus, φ(U~µ) is a
smooth branch of V g ,d . Furthermore, the germ of V g ,d is covered by such branches. Plainly,
φ(U~µ) depends only on the underlying set µ, and we set Br(µ) := φ(U~µ). On the other hand, the
set µ is determined by the branch Br(µ). Indeed, a general curve [C ] ∈ Br(µ) corresponds to a
nodal curveC of geometric genus g by Corollary 5.2. Thus, it has precisely δ nodes, and the set
µ is the specialization of the set of nodes of C to C0. We conclude that the germ of V g ,d at [C0]
consists of smooth branches indexed by subsets µ⊆C sing0 of cardinality δ.
To prove (1), let µ = {p1, . . . ,pδ} and µ′ = {p ′1, . . . ,p ′δ} be two subsets of C
sing
0 of cardinality δ.
Set r := |µ∩µ′|. Without loss of generality we may assume that pi = p ′i for all 1 ≤ i ≤ r . Then
the intersection Br(µ)∩Br(µ′) contains Br(µ∪µ′), which is the image of the germ ofUd ,2δ−r at
[C0;p1, . . .pδ,p
′
r+1, . . . ,p
′
δ
]. Recall that Br(µ∪µ′) is smooth of dimension
(d+2
2
)
− 1− (2δ− r ) by
Proposition 6.3, and let us show that the scheme-theoretic intersection Br(µ)∩Br(µ′) coincides
with Br(µ∪µ′). To do so, we compare the tangent spaces.
LetI ⊆OC0 ,I ′ ⊆OC0 , andJ ⊆OC0 be the ideal sheaves of µ, µ′, and µ∪µ′ respectively. Then
the tangent space to Br(µ) is given by T[C0](Br(µ)) = H0(C0,I (d )) ⊆ H0(C0,O (d )), cf. the proof
of Proposition 6.3. Similarly, the tangent space to Br(µ′) is given by T[C0](Br(µ
′))=H0(C0,I ′(d )),
and to Br(µ∪µ′) by T[C0](Br(µ∪µ′))=H0(C0,J (d )). Thus,
T[C0](Br(µ))∩T[C0](Br(µ′))=H0(C0,I ′(d ))∩H0(C0,I (d ))=H0(C0,J (d ))= T[C0](Br(µ∪µ′)),
which implies Br(µ)∩Br(µ′) = Br(µ∪µ′) scheme-theoretically. In particular, Br(µ)∩Br(µ′) is
smooth of dimension
(d+2
2
)
− 1− (2δ− r ). However, by Proposition 6.3, Br(µ) is smooth of di-
mension
(d+2
2
)
−1−δ, and hence the codimension of Br(µ)∩Br(µ′) in Br(µ) is δ− r = |µ′ \µ| as
asserted.
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To prove (2), notice that a general curveC in a given branch Br(µ) is irreducible, if and only if
its normalization Cν is so. But Cν specializes to the partial normalization of C0 at µ, and hence
Cν is irreducible if and only if the partial normalization of C0 at µ is connected. The latter is
clearly equivalent toC0 \µ being connected. 
7. THE PROOF OF THE MAIN THEOREM
The main theorem follows from the following stronger assertion about the irreducibility of
decorated Severi varieties:
Theorem 7.1. The decorated Severi varietyU irrd ,δ is either empty or irreducible. Furthermore, it is
empty if and only if δ>
(d−1
2
)
.
Indeed, set δ=
(d−1
2
)
− g . Then δ≤
(d−1
2
)
since g ≥ 0. By Proposition 6.3 (3), V irrg ,d is the image
of U
irr
d ,δ under the natural projection to |OP2(d )|. By Theorem 7.1, U irrd ,δ is non-empty and irre-
ducible, and hence so is V irrg ,d . Finally, by Proposition 2.7, the Severi variety V g ,d is either empty
or equidimensional of dimension 3d + g −1. Thus, dim(V irrg ,d )= 3d + g −1, which completes the
proof of the main theorem. 
The proof of Theorem 7.1. If δ >
(d−1
2
)
, then U irrd ,δ = ; since the geometric genus of any plane
curve of degree d with δ nodes is at most d−12 −δ < 0, and hence none of such curves is irre-
ducible. Vice versa, assume that δ ≤
(d−1
2
)
. Then δ ≤
(d−1
2
)
=
(d
2
)
− (d −1) = |C sing0 |− (d −1). Pick
an irreducible component L ofC0. Then the number of nodes ofC0 that belong to L is d−1, and
hence there exists a marking~µ disjoint from L. Since L intersects any other component of C0, it
follows that~µ is an irreducible marking. Thus, by Theorem 6.1 (2), V irrg ,d is not empty, and hence
so isU irrd ,δ by Proposition 6.3 (3). We conclude thatU
irr
d ,δ =; if and only if δ>
(d−1
2
)
.
Assume now thatU irrd ,δ is not empty, and let us show that it is irreducible. We start by defining
an equivalence relation on the set of markings. Let G be the full group of symmetries of the
set C
sing
0 of
(d
2
)
nodes of C0. The group G acts naturally on the set of markings, and we use the
notation ~µσ to denote the image of a marking ~µ under the action of σ ∈G. Let ~µ be a marking,
and L,L′,L′′ three different components of C0. Set p := L∩L′, q := L′∩L′′, and r := L∩L′′, and
let τ ∈ G be the transposition switching q and r . If p ∉ µ, then we say that ~µτ is similar to ~µ.
Plainly, ~µ is irreducible if and only if so is ~µτ. We define the equivalence relation ∼ on the set
of markings to be the minimal equivalence relation for which any pair of similar markings is
equivalent. Since similarity is a symmetric relation, the equivalence relation ∼ is nothing but
the transitive closure of the similarity relation. Theorem 7.1 now follows from the following two
lemmata – the first is purely combinatorial, and the second is algebraic.
Lemma 7.2. Any two irreduciblemarkings are equivalent.
Lemma 7.3. If the markings (p1, . . . ,pδ) and (p
′
1, . . . ,p
′
δ
) are equivalent, then [C0;p1, . . . ,pδ] and
[C0;p ′1, . . . ,p
′
δ
] belong to the same irreducible component ofUd ,δ.
Indeed, by the lemmata, there exists a unique irreducible componentU ⊆Ud ,δ that contains
[C0;p1, . . . ,pδ] for any irreducible marking ~µ = (p1, . . . ,pδ). IfU ′ ⊆U irrd ,δ is any irreducible com-
ponent, then the projection φ(U ′) ofU ′ to |OP2(d )| is dense in an irreducible component of V
irr
g ,d
by Proposition 6.3, and C0 ∈ φ(U ′) by Theorem 5.1. Thus, there exists a marking ~µ= (p1, . . . ,pδ)
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such that [C0;p1, . . . ,pδ] ∈U ′. Since U ′ ⊆U irrd ,δ, the marking ~µ is irreducible by Theorem 6.1 (2)
and Proposition 6.3 (3). HenceU ′ =U , which completes the proof. 
Proof of Lemma 7.2. Although the lemma is a particular case of [Tyo07, Lemma 3.10], we in-
clude its proof for the convenience of the reader. Denote the irreducible components of C0 by
L1, . . . ,Ld , and set qi , j := Li ∩L j . Let~µ be an irreducible marking.
First, let us show that ~µ is equivalent to a marking disjoint from L1. If µ∩L1 6= ;, then the
union C of the components L of C0 for which L∩L1 ∈ µ is not empty. Let C ′ be the union of
the remaining components excluding L1. Since C0 \µ is connected, C ′ 6= ;, and there exists
r ∈ C ∩C ′ that does not belong to µ. Let Li ⊆ C and L j ⊆ C ′ be the components containing r .
Then q1,i ∈µ,q1, j ∉µ, and hence~µ∼~µτ, where τ is the transposition switching q1,i and r . Since
r ∉ µ and q1,i ∈ µ, it follows that |µτ∩L1| < |µ∩L1|. Thus, repeating this process finitely many
times, we can find a marking disjoint from L1 and equivalent to ~µ. It remains to show that if ~µ
and~µ′ are disjoint from L1, then~µ∼~µ′.
Assume that ~µ is disjoint from L1. Let τ be a transposition switching a pair of distinct nodes
in C sing0 \L1. It is sufficient to prove that ~µ ∼ ~µτ. Indeed, such transpositions generate the full
symmetric group of nodes C sing0 \L1. Therefore, if ~µ
′ is disjoint from L1, then ~µ′ =~µσ for some
permutationσ ofC sing0 \L1, and hence~µ∼~µ′. Let us prove that~µ∼~µτ.
Assume first, that there exist indices i , j ,k > 1 such that τ switches the nodes qi , j and qi ,k . Let
τ j be the transposition switching qi , j and qi ,1, and τk the transposition switching qi ,k and qi ,1.
Since q1, j ,q1,k ∉ µ, it follows that ~µ is equivalent to ~µτ jτkτ j . However, τ jτkτ j = τ, which implies
the claim. Assume now, that there are no i , j ,k as above. Then there exist four distinct indices
i , j ,k , l > 1 such that τ switches qi , j and qk ,l . Let τi be the transposition switching qi , j and qi ,l ,
and τl be the transposition switching qi ,l and qk ,l . Then ~µ∼~µτiτlτi by the first case considered
above. However, τ= τiτlτi , and we are done. 
Proof of Lemma 7.3. As before, we denote the irreducible components ofC0 by L1, . . . ,Ld , and set
qi , j := Li∩L j . It is sufficient to prove the lemma for similar markings. Set µ := (p1, . . . ,pδ), and let
τ be the transposition for which µτ = (p ′1, . . . ,p ′δ). Without loss of generality wemay assume that
q1,2 ∉µ, and τ is the transposition switching q1,3 and q2,3. Set δ′ :=
(d
2
)
−1, and pick a δ′-marking
~µ′ = (p1, . . . ,pδ′) extending µ such that µ′ = C sing0 \ {q1,2}. It is enough to show that there exists
an irreducible component U ⊂Ud ,δ′ containing both [C0;p1, . . . ,pδ′ ] and [C0;τ(p1), . . . ,τ(pδ′ )].
Indeed, consider the natural forgetful map ψ : Ud ,δ′ →Ud ,δ. Then ψ(U ) ⊆Ud ,δ is an irreducible
subvariety that contains both C0 := [C0;p1, . . . ,pδ] and Cτ0 := [C0;τ(p1), . . . ,τ(pδ)], and hence C0
and Cτ0 belong to the same irreducible component ofUd ,δ, as asserted.
Let us show thatU as above exists. To simplify thenotation, we assume thatδ= δ′, and reorder
the points so that (p1, . . . ,pδ) =
(
q1,3, . . . ,q1,d ,q2,3, . . . ,q2,d ,q3,4, . . . ,q3,d , . . . ,qd−1,d
)
. In particular,
q1,3 = p1 and q2,3 = pd−1. Then τ is the transposition on C sing0 switching p1 and pd−1. Notice
that the action of τ on {C0,Cτ0} extends to an action onUd ,δ that switches the first marked point
with the (d −1)-st, and hence induces a permutation on the set of the irreducible components
ofUd ,δ. LetU be the irreducible component containing C0, and let us show that C
τ
0 ∈U .
By Proposition 6.3, the varietyUd ,δ has pure dimension 2d+1. In particular, dim(U )= 2d+1.
Thus, by dimension count, a general C := [C ;r1, . . . ,rδ] ∈U is a union of a general conic Q and
d−2 lines L′3, . . . ,L′d in general position. Furthermore,Q∩L′i = {ri−2,rd+i−4} for all 3≤ i ≤ d , and
L′3∩L′i = {r2d+i−7} for all 4≤ i ≤ d . We fix generalQ ,L′4, . . . ,L′d as above, and setD := (∪i≥4L′i )∪Q .
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Consider the dense open subset W ⊂ (P2)∗ parametrizing the lines L′ ⊂ P2 that intersect D
transversally and such that L′ ∩Dsing = ;. Let W˜ be the incidence variety parametrizing tu-
ples [L′;r ′1,r
′
d−1,r
′
2d−3, . . . ,r
′
3d−7], where r
′
1,r
′
d−1 are the points of intersection of L
′ with Q , and
r ′2d+i−7 is the point of intersection of L
′ with L′i for all 4 ≤ i ≤ d . Then W˜ → W is an étale
covering of degree two. Furthermore, there is a natural morphism ι : W˜ → Ud ,δ, that maps
[L′;r ′1,r
′
d−1,r
′
2d−3, . . . ,r
′
3d−7] to
[L′∪D;r ′1,r2, . . . ,rd−2,r ′d−1,rd , . . .r2d−4,r ′2d−3, . . . ,r ′3d−7,r3d−6, . . .rδ].
It is easy to see that W˜ is irreducible. Indeed, consider the natural projection W˜ →Q2 map-
ping [L′;r ′1,r
′
d−1,r
′
2d−3, . . . ,r
′
3d−7] to (r
′
1,r
′
d−1). Since the line L
′ is uniquely determined by the pair
of points (r ′1,r
′
d−1), the varietyW˜ ismapped bijectively onto its image inQ
2 , and hence the image
has dimension dim(W˜ )= dim(W )= dim
(
(P2)∗
)
= 2= dim(Q2). Thus, W˜ →Q2 is dominant, and
bijective onto its image. Hence W˜ is irreducible since so isQ2. To finish the proof, it remains to
notice that both C and Cτ belong to ι(W˜ ), and hence belong to the same irreducible component
ofUd ,δ. But C ∈U and Cτ ∈Uτ, which impliesU =Uτ. Thus, Cτ0 ∈Uτ =U , and we are done. 
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